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Abstract

We present a new approach to nonparametric inference in regression discon-
tinuity designs where the running variable is discrete and may have few support
points. The approach is based on an intuitive and comparatively weak identi-
fication assumption: In the absence of treatment, the difference in population
mean outcomes at the cutoff is not the largest nor the smallest among differences
at any two adjacent support points. Test statistic and confidence interval are
constructed from a set of t-statistics based on double differences of the outcome
variable, eliminating the need to estimate a conditional expectation function.
Simulation evidence suggests that statistical power compares favorably to ex-
isting methods. We illustrate our approach by revisiting two studies from the

economics of education literature.
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1 Introduction

Regression discontinuity (RD) designs have become a standard tool for researchers
interested in causal identification. RD designs involve a fixed treatment assignment
rule whereby units are treated if and only if they exceed a cutoff value on a specific
variable, called the running variable. For instance, students may be offered a place on
a prestigious university program if and only if their high school grade point average
exceeds a certain value. If the conditional expectation function (CEF) mapping the
running variable to the outcome of interest is continuous (absent treatment) around
the cutoff, then the causal effect of the treatment on the outcome, for units at the
cutoff, is nonparametrically identified. While the estimand is of a local nature, it is
often highly policy-relevant.

A key practical challenge that often arises is that the running variable is discrete
and takes on only a moderate number of distinct values even as the sample grows large.
Examples include students’ test scores, rankings, number of employees within a firm,
or year of birth.! With a discrete running variable, the treatment effect at the cutoff
is no longer nonparametrically identified. Even with infinite data, it is impossible to
estimate the CEF in an arbitrarily small neighbourhood around the cutoff. To ensure
identification and correct inference, it is therefore necessary to place assumptions on
the CEF. Existing approaches rely on assumptions that are, arguably, either restrictive
or difficult to evaluate (see Section 2).

In this paper, we propose a new approach to inference in RD designs with a discrete
running variable, which rests on an intuitive and comparatively weak identification
assumption. The motivation for our approach stems from asking what kind of evidence
is usually called for, in a discrete RD setting, to conclude that the treatment effect at
the cutoff is different from zero: namely, a marked change in the outcome as treatment
status changes at the cutoff, relative to changes we see away from the cutoff. This is
the notion that we formalize.

Our identification assumption is that in the absence of treatment, the change (first
difference) at the cutoff is not the largest, nor the smallest, of all changes in the sup-
port of the running variable. To reject the null hypothesis of, for instance, no effect at
the cutoff, we require that all double differences (the first difference at the cutoff minus
the first difference at some other point of the running variable) are statistically signif-
icant in the same direction. That is, either all are statistically significantly positive,
suggesting a positive treatment effect, or statistically significantly negative, suggesting
a negative treatment effect. We prove that this test procedure is conservative in the

sense that, if the null hypothesis is true, then the probability of rejection is no higher

1See Section 2 for recent examples from the literature.



than the chosen significance level.

The test procedure naturally implies a p-value and, by inversion, a confidence
interval. Under the identification assumption, the confidence interval is guaranteed
not to undercover—it contains the true effect in a fraction of cases at least as large as
the specified confidence level.

Although our focus is on statistical inference, the identification assumption implies
set-identification of the treatment effect at the cutoff. That is, under the identification
assumption, the population CEF implies bounds on the treatment effect. These bounds
can be estimated from the range of double differences of the outcome. The confidence
interval shrinks towards the true bounds asymptotically.

Our approach can handle multiple cutoffs, non-independent observations, as well
as the inclusion of control variables. Its implementation is straightforward, involving
estimation of a saturated linear regression model and a series of associated Wald tests.?

As existing methods for optimal bandwidth selection are not valid in our setting,
we recommend reporting results for a range of bandwidths. In the standard RD set-
ting with a continuous running variable, narrowing the bandwidth reduces bias but in-
creases variance. The situation is reversed under our approach. A narrower bandwidth
implies fewer comparisons that need to be passed to reject the null, which mechanically
increases the probability of rejection. Indeed, our identification assumption must be
stated with respect to a bandwidth, and is stronger the narrower the bandwidth. A
wider bandwidth, on the other hand, weakens the identification assumption but also
lowers power.

We present three arguments for the adoption of our approach by practitioners.
First, the identification assumption is no stronger, and in some cases strictly weaker,
than those of existing methods. Second, implementation is more straightforward,
as researchers do not need to take a stand on the smoothness or functional form
of the CEF. Third, our approach performs well in terms of statistical power, as we
demonstrate in a series of Monte Carlo experiments. In particular, compared with
the two approaches for conservative inference in discrete RD settings developed by
Kolesar and Rothe (2018), our method is more powerful in scenarios where the CEF
is nonlinear, or when there are a limited number of support points but a lot of data
at each point.

We illustrate our method by revisiting two studies from the economics of education
literature. As an example of settings where reported scores are some step function of
underlying raw scores, we consider Graetz et al. (2025) who estimate the effect of SAT

scores on college enrollment in Sweden. Their setting features few support points.

2Implementations of our approach for both R and Stata are publicly available at https://github.
com/mattiasnordin/rd2diff.
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Moreover, pre-determined characteristics clearly change between support points, in-
validating a local randomization approach (Cattaneo et al. 2024). Neither feature
poses a problem for our approach, however. The second example we consider is Ore-
opoulos (2006) who estimates the effect of an increase in the minimum school-leaving
age on earnings in the UK. Our results show that the precision of previous estimates is
thanks to imposing parametric assumptions on the CEF. Our approach instead results
in wider confidence intervals—though comparable to those obtained by Kolesar and
Rothe (2018)—and a lack of evidence that the reform raised earnings. We also show
that statistical power increases once we adjust for the gradual phase-in of the reform
that is a feature of yearly data.

The paper proceeds as follows. Section 2 describes the challenge posed by discrete
RD designs and discusses existing solutions. Section 3 presents our approach. Section 4
discusses results from Monte Carlo experiments. Section 5 revisits two applications

from the literature and Section 6 offers a concluding discussion.

2 Problem formulation and existing approaches

A brief look at recent literature confirms that RD designs with a discrete running
variable are ubiquitous. Some examples of discrete running variables among recently
published articles include test scores (Figlio and Ozek, 2024; Londofio-Vélez et al.,
2026; Mountjoy, 2026), month or year of birth (Rabaté et al., 2024; Cao et al., 2026),
number of employees (Kamal et al., 2026), R&D grant applicant ranking (Howell
et al., 2025), and energy efficiency rating (Sejas-Portillo et al., 2025). Most of these
articles apply the RDD toolkit developed for continuous running variables to their
main specification and address discreteness only in passing, even when the running
variable has few support points. Two articles address discreteness by clustering at the
level of the running variable, a practice criticized by Kolesir and Rothe (2018).

To appreciate the challenges that a discrete running variable poses for RD designs,
recall first how identification is achieved in the standard case where the running vari-
able is continuous. Let this running variable be denoted by X, and let treatment W
be assigned as W = 1{X > c}, where 1 is the indicator function. The counterfactual
conditional expectation functions for treated and untreated outcomes, E(Y(1)|X) and
E(Y(0)|.X) are assumed to be continuous at the cutoff c. The treatment effect at the

cutoff, 7, can be identified because under continuity,
e = BY(DIX = ¢) = B(Y ()X = ¢) = lmE(V|X) — im E(V|X). 1)

The result is illustrated by Figures la and 1b. Points A and B correspond to



E(Y(1)|X = ¢) and E(Y(0)|X = c) respectively, and the vertical distance between
the two points equals 7.. In terms of E(Y|X), which is what can be estimated from
data, point C is the limit from above, limx.E(Y|X), whereas point D is the limit
from below, limx+.E(Y|X). As long as the density of X is non-zero around the cutoff,
the treatment effect at the cutoff is nonparametrically identified. Loosely speaking,
with infinite data and a continuous running variable, there will be enough observations
arbitrarily close to the cutoff to pin down points C' and D in Figure 1b.

With a discrete running variable, where the number of support points is fixed,
nonparametric identification no longer obtains, as illustrated by Figures 1c and 1d.
While point A will be identical to point C, which can be estimated, point B cannot be
nonparametrically identified. Instead, it is necessary to make assumptions about the
CEF in order to identify 7.. We discuss four existing approaches to solve this problem.

First, researchers may assume that the true CEF, locally within some bandwidth,
follows a particular functional form and use that functional form to extrapolate to the
cutoff from the left. A natural, but strong, assumption is that of linearity. While linear
approximations may be useful in other contexts, here the objective is extrapolation to
a point outside the support of the regression function. If the true CEF is nonlinear,
this extrapolation will fail. Point estimators will be biased, confidence intervals will
under-cover, and hypothesis tests will over-reject. Employing a weighting scheme with
a triangular kernel may alleviate, but does not eliminate, this problem. Assuming a
more flexible functional form risks over-fitting, especially with few support points.

To guard against misspecification of the CEF, researchers may prefer to state a
bound on the deviation of the true CEF from the assumed form. This is one of the
approaches suggested by Kolesdr and Rothe (2018). They derive honest confidence
intervals with conservative coverage properties. To do so, they consider a latent version
of the CEF which is twice differentiable, and assume that the second derivative of this
latent CEF is bounded by some constant, specific to the particular application. While
it is possible to use a data-driven approach of selecting this constant (see Armstrong
and Kolesar 2020), such an approach requires many support points and will often be
very conservative. Kolesar and Rothe (2018) instead advise the applied researcher
to specifiy the constant a priori based on domain-specific knowledge. A drawback is
that it may be difficult to do so in a transparent way, especially in settings where the
running variable is measured on an ordinal scale (such as ranks), where the construct
of a latent CEF is unappealing.

Second, the local randomization approach of Cattaneo et al. (2024) relies on the
assumption that the CEF is flat in a neighbourhood around the cutoff (that is, locally
constant). The advantage of this approach is that the full toolbox from the analysis

of randomized experiments is available. For instance, with this approach one can just
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compare the mean outcome for units at the cutoff with the mean outcome of units
at the support point just left of the cutoff. The drawback is that this assumption
is very strong and unlikely to be fulfilled in many settings. We provide evidence
against it in one of our applications. A related approach is suggested by Eckles et al.
(2025) who study situations where the running variable is a noisy measure of an
underlying variable, where the noise can be used in a design-based approach to mimic
randomization. For this approach to work, the researcher needs to have knowledge of
the noise distribution.

The third approach is to use permutation inference, by “moving around” the cutoft
and comparing the estimated treatment effect at the true cutoff to estimates at placebo
cutofs (see, for instance, Section 4.3 in Cattaneo and Titiunik 2022, Ganong and Jager
2018, and Graetz et al. 2025). Permutation inference is justified if the cutoff location
can be viewed as being randomly chosen among a large set of possible locations, an
assumption that is often dubious in policy contexts, where cutoff location is chosen for a
particular reason. For permutation inference to work, not only is it necessary that what
happens at the cutoff, absent treatment, cannot stand out in expectation, but balance
is also required in higher moments. For instance, if the outcome is heteroskedastic such
that variance of the outcome is higher at the cutoff, then inference will be incorrect.
A further drawback of permutation inference is that the resolution of the p-value is
constrained by the number of support points.

A fourth approach is to bound the specification error at the cutoff. Kolesar and
Rothe (2018) construct confidence intervals under the assumption that the estimated
CEF fits no worse at the cutoff than elsewhere within the chosen window. An advan-
tage of this approach is that it is not necessary to make any assumption about a latent
CEF outside of the support points. However, we identify two drawbacks with this
approach. First, with local linear regression and a uniform kernel (the case Kolesir
and Rothe (2018) focus on) the fit at the cutoff tends to be poor. This is because a
linear approximation of a nonlinear function fitted with OLS will often fit poorly at
the outer support points, which is exactly where the cutoff is located. Second, the
assumption is not an assumption about the relationship between the outcome and the
running variable (that is, about the CEF), but rather about the researcher’s ability
to estimate this relationship. That is, the researcher must employ a priori reasoning
to both choose a functional form for the CEF, and to assess how well the CEF thus
estimated will fit at the cutoff compared to at other points of the running variable.

Compared to the approaches discussed, we believe an important advantage of our
method lies in its identification assumption, which is intuitive, general, and weak. It
is intuitive because identification simply requires that the untreated CEF does not

exhibit unique behavior at the cutoff. It is general because it does not necessitate



context-dependent parameterization. It is no stronger than the identification assump-
tions underlying any of the existing approaches, and in several cases strictly weaker.
Further advantages are that our method does not require assuming an underlying con-
tinuous running variable, and that a low number of support points does not give rise
to a low-resolution issue.

A feature that we share with some of the existing approaches is that, while we
develop the familiar inference machinery (hypothesis test, p-value, and confidence in-
terval), we do not provide point identification. Instead, we provide bounds on the
treatment effect and thus achieve partial identification. Our confidence interval con-
verges asymptotically to the bounds implied by the population CEF.

Our identification assumption is a kind of “bounded-variation assumption” in the
terminology of Manski and Pepper (2018), who perform partial identification in a
difference-in-differences (DiD) setting, but do not provide tools for statistical infer-
ence. Building on their work, Rambachan and Roth (2023) develop two approaches
to statistical inference in DiD settings when parallel trends are violated, one using
moment inequalities, and one using fixed-length confidence intervals. In contrast, our

approach to inference is based on a set of ¢-statistics.

3 Theory

3.1 Setup and identification assumption

The running variable X has a fixed, finite, number of support points, G > 3. We
denote the possible values X can take as zi,z3,...,Z4,...,ZTg—1,Zg. The running
variable may be measured on an ordinal scale, in which case X ranges from 1 to G in
order.

W is a treatment indicator equaling one if treated and zero if non-treated. We
focus on the sharp RD setting where treatment is deterministically assigned according
to a fixed cutoff value z., that is, W = 1{X > z.}, where c is an integer such that
2 < ¢ < G. The potential outcome if treated is Y'(1) and if non-treated it is Y'(0). We
assume SUTVA and write the observed outcome variable as Y = (1-W)Y (0)+WY (1).

Data {X;,Y;, W}, are randomly sampled from some superpopulation, with a
fixed sample size, n. As sampling is the sole source of randomness, inference will be
made to population parameters, as is standard in RD settings. The probability that
unit ¢ has a value of the running variable z, is denoted p, := Pr(X; = z,), and we

assume that 0 < p, < 1 for all g. The number of units for which X = z, in the sample



is Ny, where n = Zle N,.3 By the law of large numbers, N,/n 5 Dy The outcome
data are collected in a n x 1 vector, Y.

Define G := {2, ...,G}\ c and denote outcome means conditional on support point
g € G by p(z,) = E(Y;|X; = z,). Note that u(z,) = E(Y;(0)|.X; = z,) when g < cand
p(zy) = E(Y;(1)|X; = z,) when g > c. Furthermore, define pu(z.) := E(Y;(1)|X; = =)
and po(z.) := E(Y;(0)|X; = z.). The target parameter is the average treatment effect
at the cutoff,

7o = E(Yi(1)]|Xi = z) — E(Yi(0)|X; = 2c) = p(zc) — po(e)- (2)

For expositional simplicity, we focus on the case where X is equally spaced, but
treat the more general case in Section 3.7. Our key assumption is that, if there was no

treatment at the cutoff, the change at the cutoff cannot be the smallest nor largest.
Assumption 1. min{u(ze) — u(zg-1)} < po(ze) = p(ze-1) < max{u(zy) — p(zg-1)}-

The assumption says that there must exist at least one other support point where
the change is weakly smaller than the untreated change at the cutoff, as well as at
least one other support point where the change is weakly larger than the untreated
change at the cutoff.

Under Assumption 1, the only reason for a uniquely small or large increase in
population mean outcomes at the cutoff, relative to the change at other points of the
running variable, is a non-zero treatment effect. If in the data, the change at the cutoff
is larger, or smaller, than the changes at all other values of the running variable, then
there is evidence of a non-zero treatment effect at the cutoff. This idea forms the
basis of our statistical test. Just as with the permutation test approach discussed
in the previous section, the intuition behind our approach is that if what happens
at the cutoff stands out compared to at other values of the running variable, then
that is evidence against the null that there is no treatment effect. Different from the
permutation test, however, is that we do not need to assume that what happens at
the cutoff is comparable to what happens at every other point of the running variable.
Instead, it is sufficient to make the much weaker assumption that the change is not
the smallest nor largest without treatment.

Note that the assumption does not only concern what happens absent treatment,
since p(x,4) also depends on a local treatment effect for z, > x.. An alternative would
be to instead restrict the data to z, < z., which is feasible as long as ¢ > 2. In

that case, the assumption does not say anything about treatment effects. We do not

3We could also consider the case where the number of units at each support points is fixed (i.e.,
stratified sampling). The theoretical results are the same in that case.



impose this restriction for three reasons. First, recall that “untreated” and “treated”
in practice do not necessarily imply “not subject to an intervention” and “subject to an
intervention”. Instead, they strictly imply only a change in the intervention or policy.
Second, using data to the right of the cutoff weakens the identification assumption.
Finally, once there are multiple cutoffs, the restriction would mean that we can only
study the very first cutoff.

It is worth exploring how Assumption 1 relates to statements about changes in

absolute value terms. If Assumption 1 holds, then

lo(ze) = pl@e-r)l < &, k= max{|u(z,) — ulzg-1)l} (3)

also holds. In other words, Assumption 1 implies that the untreated change at the
cutoff is not the largest in absolute value among all first differences of the CEF. Our
identification assumption therefore restricts the smoothness of the CEF in the sense
of Lipschitz continuity, as does the approach bounding the second derivative proposed
by Kolesir and Rothe (2018). However, with our approach, the restriction can be
inferred from data.

Note also that the opposite implication is false. Equation (3) does not imply As-
sumption 1, that is, Assumption 1 is stronger than equation (3). We prefer the stronger
assumption as it enables our approach to detect a treatment effect that is of a sign
opposite to the general trend in the CEF. For instance, suppose that y(z,) is a mono-
tonically increasing function. If po(z.) — p(x.—1) is positive but smaller than all other
p(zy) — p(xg—1), then equation (3) holds but Assumption 1 is violated. Assumption 1
forbids such a scenario in order for the approach to be capable of detecting treatment
effects of a sign opposite to the trend.

While the main focus of this paper is statistical inference, we note that under
Assumption 1, the target parameter 7. is set-identified. To see this, first re-write

Assumption 1 as

Igrleig{ﬂ(xg) — w(@g—1)} < p(ze) — p(Te-1) — 7 < Igleagx{ﬂ/(xg) — p(zg-1)}- (4)

Next, define the double difference 6, := p(z.) — p(ze—1) — (p(zy) — p(xg-1)), which
compares the change at the cutoff with the change at some other point g € G, and
which features prominently throughout the rest of the paper. By subtracting u(z.) —

p(z.—1) from all sides of the inequality signs in equation (4), we obtain bounds on the
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treatment effect at the cutoff,?
i <7<
min {dy} < 7o < max {5}, (5)

which are estimable because each J, can be estimated from data (see Section 3.4).

3.2 Hypothesis test

Null and alternative hypotheses are
Hy:7.=7° Hy:7,#7° (6)

where 70 is the hypothesized average treatment effect at the cutoff under the null
(which in most applications will be zero). Under this null, we therefore have that
w(ze) = po(ze) + 7°. Plugging this expression into Assumption 1 and following similar
steps as in the derivation of equation (5), we obtain
. 0 0
min 5g—7}§031£171€agx{5g—7'}. (7)
Suppose we have an estimator of §,, D, such that D, ~ N(8,,V(D,)), and that
S? is a consistent estimator of V(D,). To test whether the change at the cutoff differs
from the change at some other point g, a natural test statistic is

T(y) = Dgg; ®

where y is the realization of Y for a given sample of data. Consider performing a
series of one-sided tests of the null §, < 79, one for each g € G. If all of these tests
are rejected, then that is evidence that 7, > 7°. Similarly, if all one-sided tests of the
null 6, > 70 are rejected, then that is evidence that 7. < 7°. We can combine all those
tests to test the null that 7, = 7°.

We define the extrema of the statistics,

Tuin(y) = min{Ty(y)},  Tmax(y) := max {Ty(y)} - (9)

The statistic which forms the basis for our hypothesis test is

T (y) == min {|t| : Tumin(y) <t < Tmax(¥)} - (10)

4The derivation uses that mingeg{—68,} = — maxyeg{d,} and maxgzeg{—0,} = — mingeg{d,}.
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This definition says that 7 (y) = 0 if not all T;(y) have the same sign. Otherwise, it
is the smallest absolute value of T,(y). Let a € [0, 1] denote the significance level of
our test and define the critical value 2,/ := ®71(1 — a/2), where ®~!(-) is the inverse

of the standard normal CDF. We can now state our main result.

Proposition 1. A test of the null that 7, = 7° against the alternative 7. # 7° with
decision rule of rejecting the null if and only if T(y) > 242, is a level-a: test. That is,

under the null,
Pr (T(Y) > zap2) < . (11)

The p-value associated with the test is p(y) = 2(1 — ®(T (y))).

Proof. We first prove that, under the null, Pr (Tin(Y) > zas2) < @/2. Take some
g € G such that 7° — ¢, > 0, existence of which is guaranteed by Assumption 1.
Let Z, := (D, — 4,)/S, and note that Z, ~ N(0,1) by the regularity conditions we

imposed on D, and S,. Hence,

0
7" — 04

D — 0
9 =T za/Q) =Pr (Zg > Zaj2 + 5 ) < %, (12)
g

Sy

Pr (Tnin(Y) > 2as2) < Pr (

where the first inequality is by definition of T i, (y). Assumption 1 also says that there
must exist a ¢’ € G such that 7° — §, < 0, and so by analogous reasoning we obtain
Pr (Tmax(Y) < za/2) < /2. Finally, because Tinax(y) > Tmin(y), we have

Pr (T(Y) > zaj2) = Pr (Tain(Y) > 2a2) + Pr (Tnax(Y) < —2ap2) <, (13)

which establishes that the test has level a.’
A valid p-value has the property that Pr(p(Y) < a) < « for every a € [0,1]. By

simple manipulations we obtain
Pr(p(Y) < a) = Pr(2(1 - &(T(Y))) < @) = Pr (&(T(Y)) 2 B(z0)) < o, (14

where the last inequality follows from equation (13) since ®(-) is a monotone function.
This establishes that 2(1 — ®(7 (y))) is a valid p-value. O

An alternative way of proving the proposition would be to first use the union-
intersection method, where a series of one-sided tests are formed to test whether

8y > 7°, and another series of tests are formed to test whether 6, < 7°. Then, in a

5A level-a test is a test which rejects the null with at most probability o under the null. This
definition is distinct from a size-a test which rejects the null with probability exactly c.
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second step, the intersection-union method can be used to combine these two sets of

tests.

3.3 Confidence interval

To obtain a confidence interval, we invert the test.

Lemma 1. The interval

Cly) = [1;16151 {Dg — za/zSg} , max {Dg + za/gSg}] , (15)
is a confidence interval with confidence coefficient 1 — .. That is,

Pr(r.e C(Y))>1—a. (16)
Proof. The set of all null hypotheses for which the null cannot be rejected is

Cly) = {TO : Trin (y, TO> — 242 < 0} N {7’0 : Tax (y, 7'0) + Zaj2 > 0} , (17)

where we write Tiin(y, 7°) := mingeg{7T,(y, 7°)} and Thax(y, 7°) := max,eg{T,(y, 7°)}
to make explicit the fact that the statistic depends on both data and the null hypoth-
esis. For each possible 7°, we know from Proposition 1 that we have a level-a: test. It
follows that C(y) is a confidence set with confidence coefficient 1 — a: (Theorem 9.2.2
in Casella and Berger 2002), hence equation (16) holds for the confidence set in equa-
tion (17).

To describe this confidence set, and to show that it is indeed an interval, it is helpful
to note that by equation (8), T,(y,7°) is a decreasing linear function in 7°, meaning
that Tiin(y, 7°) and Thax(y, 7°) are strictly decreasing piecewise linear functions of 7°.
Hence, we have

(T (77°) — 2 < 0} = [mig 1, (97") ~ o= 0.0) . (19
(1 Tas (577) 2002 0} = (—ooomax (77, (3,7) + 202 =0}, 19

The intersection of these two intervals yields the interval

geg

Cly) = [mm O T <y’ 7_0) — Zagp = 0} max {TO . T, <y, TO) + Za/2 = 0}] (20)

By replacing T,(y, %) with equation (8) we get the interval in equation (15). O

A simple procedure for constructing the confidence interval is to form a confidence

13



interval for each double difference 6, as Dy & z,/2S, and then take the end points of
the union of all these confidence intervals.%

As shown in Section 3.1, the identification assumption implies bounds on the treat-
ment effect. The bounds are consistently estimated by mingcg D, and maxycg D,.
Since, in addition, plim S, = 0, we have that the confidence interval converges asymp-

totically to the bounds on the treatment effect given by equation (5).

3.4 Estimators

As discussed in Section 3.2, we need an estimator of d,, D,, which has the property
that it is asymptotically normal with a variance that can be consistently estimated.
There are several such estimators that one can consider. With random sampling and

i.i.d. observations, the most obvious candidate is the double difference in means
Dy=Y:~Ye1—(Yy=Yy), (21)

where Y, = (1/N,) X7, 1{X; = x,}Y; is the sample mean of Y for units with X = z,.
Let s2 = (1/(Ny— 1)) =iy 1{X; = 2,}(Y; — Y)%. A consistent estimator of V(D,) is

1.2 1 g2 1.2 12 ; _
N, 59 T N, 3591 T WS T w3 S if |g — | > 1,

2 _ 1.2 4 2 1 .2 ; —

Sg_ NS T N 381 T W, ;52 ifg=c—1, (22)
1.2 4 2 12 e
NorySer1 T ncSe + w150 ifg=c+1.

An alternative is to instead estimate the regression model

G
Y= vylig+ e, (23)

g=1

where 1,4 is an indicator taking value of 1 if, for unit ¢, X; = z,, and 0 otherwise. The
test can now be based on a series of Wald tests. Under this model, the estimator of

dg is
Dg =Y = Ye—1 — ('79 - '79—1) . (24)

which is analytically equivalent to the mean-difference estimator in equation (21). The

6The procedure for constructing the confidence interval has similarities to the sup-t method of
constructing confidence bands for time series (Montiel Olea and Plagborg-Mgller, 2019).
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variance estimator would then be
S? =R,IR,, (25)

where L is the estimated covariance matrix and R, is the 1 x G matrix such that
R,Y = ¥.—Jc-1— (Y5 — J4-1)- If the usual heteroskedasticity-robust covariance matrix
is used, this variance estimator is equivalent to the one in equation (22).” However,
other covariance matrices can also be used. For instance, suppose that individuals are
observed several times. In that case, a cluster-robust covariance matrix, clustering at
individual level, can be used.’

The regression implementation allows for the use of control variables, as well. Con-

sider the model

G
Y=Y 7ylig + Z;B + i, (26)

g=1
where Z; is a vector of control variables. Let fi(z,) := E(Y; — Z;B). All results
go through if we re-state Assumption 1 in terms of fi(x,) and impose appropriate

regularity conditions.

3.5 Bandwidth selection

In RD designs with continuous running variable, bandwidth selection plays an impor-
tant role. Since identification relies on getting arbitrarily close to the cutoff, smaller
bandwidths result in less bias, but reduction in sample size means increased variance.
With a continuous running variable, bandwidth can be chosen optimally in a data-
driven way (Cattaneo et al., 2020). In a discrete setting, optimal bandwidth selection
continues to be feasible if one is willing to make assumptions about the behavior of
the CEF in between support points (Kolesar and Rothe, 2018).

The situation is different in our setting. Assumption 1 is stated with explicit
reference to a bandwidth, namely the closed interval [z;,zs]. Let us denote this
assumption by Al . Now consider the interval [a,b] C [z,,:] and a modified
Assumption Alj, such that

"There can be slight differences depending on exactly how the robust covariance matrix is calcu-
lated. For instance, the covariance matrix HCO uses a formula equivalent to equation (22), except that
each term is multiplied with (N, — 1)/N, (or, equivalently, s = 1/N, SN 1{X; = 2, } (Y — Y ,)?).
The covariance matrix HC1 (which Stata uses as default in regression when the option robust is

used) is equivalent to HCO, except that the whole expression is also multiplied with n/(n — G).
81t is not possible to cluster at the running variable, since there is no variation in the data that

will allow for estimating such intra-cluster correlations.
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i . mi —u(z-1)} < — u(Tes) < _
Assumption Al gegg[r;,b]{u(wg) w(Tg-1)} < po(@e) — p(2e-1) —ge%lr?’fif,b]{“(””g)
p(Tg-1)}-

We have that Alj,; implies Al g, while the opposite implication does not hold.
In other words, narrowing the bandwidth in our case means strengthening the identi-
fication assumption.

A stronger identification assumption means a larger rejection region, and this in-
creases statistical power. The tradeoff between power and strength of assumption is,
in a sense, the reverse of the tradeoff in the continuous RD setting. In that case,
as bandwidth decreases, the functional form imposed in the estimation becomes less
restrictive while power decreases. Here, as bandwidth decreases, the assumption be-
comes more restrictive, while power increases. Note that this increase in power does
not only hold in expectation: For any given sample, power is weakly increasing as
bandwidth decreases.

Because the assumption involves the fundamentally unobserved outcome under no
treatment for treated units, there is no direct data-driven way of choosing bandwidth.
Rather, the choice of bandwidth has to be made based on subject-matter knowledge of
the application at hand. This gives researchers many degrees of freedom and they may
be tempted to set a very small bandwidth to increase the chance of finding statistically
significant effects. As the spirit of the methodology developed in this paper is to be
conservative, we recommend to always show results for the largest possible bandwidth.
But since power may be poor in such cases—especially with many support points—
these results can be complemented by showing results for a range of bandwidths.
It is not unusual for extreme values of the running variable to contain much fewer
observations, which means power will be much lower when these values of the running
variable are included. In such cases, it is reasonable for the researcher to argue that
a smaller bandwidth is preferable, but by showing results for a range of bandwidths,

the problem of selective reporting is mitigated.

3.6 Illustration using synthetic data

To illustrate our test procedure, we use an example based on synthetic data, displayed
in Table 1, with G = 14 and ¢ = 8. Columns 2 and 3 show the mean and standard
error of the outcome at each point of the running variable, with Figure 2a illustrating
the mean and confidence interval. In columns 4 and 5, the double difference D, and
its standard error are shown. Finally, the last column shows the ¢-statistics.

Based on these data, Tiin(y) = 0.53 and Tpax(y) = 3.53, so that T (y) = 0.53, and
p(y) = 2(1 — ®(0.53)) = 0.60. We can form a 95-percent confidence interval for 7. by
first forming confidence intervals for each ¢4, g € G, that is, D;£1.96-S,. The smallest
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Zg ?y Sg/\/ﬁy D, Sg 1
(1) (2) (3) (4 (5) (6)
1 0.28 0.077

2 0.13 0.065 0.41 0.120 3.41
3 0.32 0.053 0.08 0.107 0.70
4 0.29 0.051 0.30 0.099 3.00
5 0.41 0.053 0.15 0.099 1.48
6 0.43 0.049 0.25 0.097 2.56
7 0.49 0.045 0.21 0.113 1.82
8 0.75 0.048 0 0

9 0.82 0.049 0.20 0.117 1.67
10 0.75 0.048 0.34 0.095 3.53
11 0.79 0.054 0.22 0.098 2.26
12 0.92 0.056 0.14 0.102 1.41
13 0.91 0.065 0.27 0.108 2.49
14 1.11 0.079 0.06 0.121 0.53

Table 1: Synthetic data example
?g C(y)
A ; A
14 | } } ] 1+
0 } | : 0 T— T T [ T >h

(a) Estimate and 95% CI for p,

(b) 95% CI for 7.

Figure 2: Illustration of synthetic data
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value of all these intervals is for ¢ = 14 with a value of 0.06 — 1.96 - 0.121 = —0.17.
Similarly, the largest point is for ¢ = 2 with a value of 0.41 + 1.96 - 0.120 = 0.64.
Therefore, the 95-percent confidence interval goes from —0.17 to 0.64. Finally, the
bounds on the treatment effect are estimated to be [mingeg{D,}, max,ecg{D,}] =
[0.06,0.41].

Just as with regular RD, the result will depend on the chosen bandwidth. Hence,
we recommend displaying confidence intervals for a range of bandwidths. Figure 2b
does so by displaying confidence intervals for data in the interval [c — h, c+ h], with h
ranging from 1 to 7. As discussed in Section 3.5, the confidence interval is guaranteed
to be weakly increasing as the bandwidth increases. We also see that the end points

of the confidence interval may remain unchanged with an increase in bandwidth.

3.7 Running variable with unequal spacing

Within our framework, the running variable can be measured on any scale which can
be ordered. However, as discussed above, when the running variable is measured on
an interval or ratio scale (that is, the quantitative difference between two points is
meaningful) and the running variable is not equally spaced, then it will in general be
preferable to state the identification assumption in terms of normalized differences.

The assumption would then be

Assumption 3. min {
g€eg

p(zg) — u(wg—l)} < Hoze) = (@) {u(wg) — w(zg-1) }

Tg— Tg_1 o Te — Te—1 ~ 9€g Tyg— Ty

The double-difference estimator is then

— — — — Le— Te—1
Dy=Y.=Yc1— g (Yg - Yg—l) ) Pg = # (27)
g g—1
with variance estimator
(.2 2 2 2
sc Sc—l 2 Sg Sg—l ) .
— + + — + if |g—c|>1
Nc Nc_]_ (pg (Ng Ng_l | | Y
2 2 2
g2 — ) Sc 1 2 Sc—1 9 Sc—2 fo=c—1 28
g Nc + ( + gOC_l) Nc—l + QOC_I Nc_z’ 1 g c ] ( )
sz s 52
1+ 2°c 4 Cel 42 Cerl o fa=c4 1.
\( 8004‘1) Nc ]\[c_1 SOC+1 Nc+1, g
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3.8 Multiple cutoffs

In some settings, several treatments are assigned based on distinct cutoffs on a com-
mon running variable. For instance, reported test scores may be a step function of raw
points, or there may be successive reforms such as increases of the minimum school-
leaving age. The applied researcher faces two options. First, they may perform the
analysis separately for each cutoff, using standard tools to adjust for multiple compar-
isons. Second, they may stack the data to estimate a single target parameter, yielding
increased power and avoiding the multiple comparison issue. Here we focus on the
second approach.

As before, there are G support points, but there are now K < G treatments
indexed by k = 1,2,..., K, with corresponding cutoff points z) such that treatment

is assigned according to the function
K
W; = Z kﬂ{xc(k) <Xi< wc(k—f-l)}a (29)
k=1

where Z.x1+1) > . The potential outcome under treatment k is Y;(k) and we define
pr(zg) = E(Yi(k)|X; = z,). Actual outcomes are Y; = Y;(WW;) and group means
are pu(zy) = E(Y;|X; = z;). The treatment effect at cutoff k is 7.x) = p(zcw)) —
Pk—1(Zc(k))- Define the weights wy := pegry/ (Zklf:l pc(k/)). The target parameter when
stacking is

K
T = Z WETe(k) s (30)
k=1

a weighted average of the average treatment effects at the cutoffs.

We focus on the case of an equally-spaced running variable, with the additional
refinement of unit spacing, z, — z4,_1 = 1, Vg > 1. The refinement is innocuous but
considerably eases notation. We discuss unequal spacing below.

Let us now stack the data in the following way. Around each cutoff, select ob-
servations with z, € I := [zck) — h™,Zqk) + hT], where h™, h* are positive inte-
gers and it must be ensured that I; does not contain another change in treatment,
Tek) —h™ > Tog—1) and Ty + ht < Zek+1)- For simplicity, we restrict the bandwidth
to be common for all cutoffs.

Define the set £L={—h",—h~ +1,...,—1,1,...,ht — 1, h"}. Define the weights
Wiyl = De(k)+1/ (E§=1 pc(k’)+l)- For [ steps away from each cutoff, the stacked outcome
means are defined as

p(l) == Z_: Wrip(Tery41), 1€ LU{0}. (31)
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Furthermore, define the average untreated outcome for units at any cutoff,

#5(0) = k; Wipt—1(Te(k))- (32)

The identification assumption with stacked data becomes

Assumption 2. min{u"(1) — p"(1 = 1)} < p5(0) — p*(—1) < max{p* (1) —p* (I - D}

We can now test the null that 7 = 7°

, as well as forming a confidence interval
for 7* using the same approach as before, but with stacked data. The stacked sample

mean at point [ is

K
Y=Y Q%Y 1€LU{0}, (33)
k=1

where Qi := N1/ (Zf,ﬂ Nc(k/)_,_l), and the double-difference estimator according
to equation (21) is

D=Y,-Y.,-(Y,-Y.,), leL (34)

If there is no overlap of the bandwidth window between cutoffs, equation (22)
with stacked data can be used. However, if bandwidth windows overlap, such that an
observation can be on both sides of cutoffs, then that needs to be taken into account.

The easiest way to do this is to use OLS to estimate the model

ht

Yo=Y mla+ea, (35)
I=—h-

where 1; is an indicator if unit ¢ is in the bandwidth window of a given cutoff. Hence,
if a unit is part of two different bandwidth windows, there will be two observations,
and the cluster-robust covariance matrix, clustered at the unit level, should be used.
Everything else proceeds in the exact same way as outlined in Section 3.4.

The relationship between Assumption 2 on the one hand, and Assumption 1 hold-
ing at each cutoff on the other, requires comment. We continue to focus on the case
of a common bandwidth. It turns out that neither does Assumption 1 imply Assump-
tion 2, nor does Assumption 2 imply Assumption 1. Assumption 2 may hold even if
Assumption 1 is violated at all cutoffs, for instance because violations average out.
On the other hand, Assumption 2 may not hold even if Assumption 1 is satisfied at
each cutoff, due to different distributions of data across support points at different

cutoffs—a version of Simpson’s paradox.
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An alternative is to replace wy; with wy in equation (31), meaning that each sup-
port point gets weighted equally around a given cutoff.” Under this modification, if
Assumption 1 holds at every cutoff, then Assumption 2 holds. The converse still does
not hold. Hence, in that case, Assumption 2 is weaker than Assumption 1 holding at
each cutoff.

An equally spaced running variable is common, with examples including test scores
or rankings. With a single cutoff, we showed in Section 3.7 how non-equal spacing is
easily handled by our approach. With multiple cutoffs, it is not obvious how to stack
the data while adjusting for the unequal spacing, or how to formulate the identification
assumption. To get around this issue, one may replace the running variable by its rank,
a solution that is always feasible. The identification assumption must then be stated

with respect to the rank.

4 Monte Carlo experiments

In this section we report results from a simulation study to compare the performance
of our double-differences (DD) approach to that of the two approaches proposed by
Kolesar and Rothe (2018), one based on a bound on the second derivative (BSD) and
the other based on the assumption that the estimated CEF fits no worse at the cutoff
than anywhere else (bounded misspecification error, BME). We introduce our setup
in Section 4.1. We discuss theoretical properties of the various estimators, given the

setup, in Section 4.2. Section 4.3 contains the results.

4.1 Setup

There are five dimensions along which we vary the specification of the simulations.
First, the number of support points. Second, the degree of nonlinearity. Third, the
steepness of the CEF around the cutoff. Fourth, sample size. And last, the size of the
treatment effect.
The data generating process is
. 1425

Y= X+ Asin(7 (X; + ) +7W,; + &, G = C-1 (36)
with ii.d. errors &; ~ N(0,0.1) and W, taking the value one whenever X; > =z,
and zero otherwise. There are G € {11,21} support points equally spaced on the
interval [—1,1]. The probability of unit ¢ being on support point z, is a constant,

9To implement this approach, weighted least squares must be used when estimating equation (35)

with weights Nc(k) /Nc(k)+l-
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Pr(X; = z,) = 1/G. The cutoff is located at z. = 0.

The CEF is a sine wave around an upward sloping line. The parameter A con-
trols how much the function deviates from linearity, where we consider values A €
{0,0.05,0.15,0.25}. The phase shifter (;, for j € {1,2,...,G —1}, creates variation in
the relative steepness of the CEF around the cutoff. The first differences of the CEF
follow a cyclical pattern, and the support of the running variable always contains a
full cycle. See Figures Al and A2 for illustrations. Our CEF is similar to that used
in the Monte Carlo experiments of Kolesar and Rothe (2018).

We set the sample size at n € {500; 1,000; 5,000; 25,000}. The normalized treatment
effect takes on eleven distinct values T/\/% €{0,.1,.2,...,.9,1}.

There are 5,280 different specifications in total (for combinations of A, j, n, 7, there
are 4-10-4-11 = 1,760 specifications when G = 11 and 4-20-4-11 = 3,520 specification
when G = 21). For each of these 5,280 specifications we perform 10,000 replications.
X and ¢ and are stochastic; hence, their realized values differ for each replication.

We perform all simulations using Julia (julialang.org) to speed up the simula-
tions. We have cross-checked our implementation of the BME and BSD estimators

with the implementations in the Stata package rdhonest and the R package RDHonest.

4.2 Theoretical properties

Before presenting our simulation results we discuss two theoretical issues. First, we
examine whether the identification assumption for each approach is satisfied. And
second, we characterize asymptotic confidence intervals for each approach.

Assumption 1 underlying the DD approach is satisfied in all cases except when the
minimum or maximum of the first-differenced sine function is located at the cutoff:
namely, for A > 0, when G = 11 and j € {5,10}, and when G = 21 and j € {10, 20}.
The reason we add 7/(G — 1) inside the sine function is precisely to create such
violations. Without the addition there would be ties, and Assumption 1 would always
be satisfied.

In the case of BME, the identification assumption is that the estimated CEF fits
no worse at the cutoff than elsewhere within the chosen bandwidth. Following Kolesar
and Rothe (2018), we fit regression lines on each side of the cutoff using a uniform
kernel. This means that the identification assumption will often be violated when
A > 0, because a linear approximation to a nonlinear function such as the one used

here tends to fit worst at the edges, exactly where the cutoff is located.!®

10Tp our setting, the identification assumption always holds to the right of the cutoff, but to the left
of the cutoff it is always violated when G = 11, regardless of phase shift. For G = 21, it is violated
to the left of the cutoff in all cases except when j € {2,3,4,12,13,14}.
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For the BSD estimator we also use a uniform kernel and choose the true bound
K = A%, so that the identification assumption underlying BSD is always satisfied.
Recall that in practice, the applied researcher would not know this bound precisely and
might either make a more conservative choice or a choice which violates the assumption
for the BSD estimator. In the appendix, we instead show results where K is chosen
in the data-driven manner suggested by Armstrong and Kolesér (2020).

Because none of the three approaches assume a specific functional form of the
CEF, the confidence intervals do not in general converge to a point asymptotically,
but instead converge to finite intervals. The DD estimator converges to the bounds on
the treatment effect implied by the data generating process, [min,eg{d,}, maxgeg{d,}.

Given equation (36), the length of this asymptotic confidence interval is'!

: , s
Lpp = Igleagx{ég} - 1316151{59} = 4)sin (G — 1) : (37)

For the BSD estimator, the bound has the following length (assuming the CEF is

defined over all reals in the interval [—1, 1]):

G?+3

SG-17 (38)

Lgsp = Mn?
Comparing equations (37) and (38), for any G > 3 and A # 0, we have Lpp/Lgsp < 1.
In fact, the ratio is at most around 1/2 at G = 4. Hence, under the present data
generating process, the DD estimator always has a tighter asymptotic bound than the
BSD estimator, except when A\ = 0 in which case both converge to bounds of length
zero. We can also see that both bounds have length that gets narrower as G increases.
While we focus on settings with finite, fixed, G in this paper, we note that the length
of the bound converges to zero for the DD estimator as G tends to infinity.!? However,
that is not the case for the BSD estimator.

It is more challenging to derive asymptotic bounds for the BME estimator in gen-
eral, as they will depend on phase shift. However, it is straightforward to compute
these bounds for each value of j. We will find that the asymptotic bounds of the BME
estimator tend to be of greater length than those of the DD estimator.

The fact that our DD estimator has the smallest asymptotic bounds means that
there exists a sample size above which the DD estimator has the smallest confidence
interval in expectation, under the nonlinear specifications considered. However, in

smaller samples this is not guaranteed to be the case, as we will see shortly.

1 This length is for the cases where the assumption is fulfilled. If it is not, the length will be slightly

smaller.
12n fact, this result holds under any CEF which converges to a continuous function as G — oo, as

long as X is defined over a fixed range.
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4.3 Monte Carlo results

We begin with the case 7 = 0 and study precision and coverage properties for the three
estimators. For precision, we follow Kolesdr and Rothe (2018) and report normalized
standard errors defined as (C* — C7)/(2 - 1.96), where C~ and C™ are the lower and
upper points of the confidence intervals. Panel A of Table 2 reports these normalized
standard errors averaged across values of the phase shifter, for all choices of support
points, sample size, and degree of nonlinearity.

Panel A, columns 1-3 of Table 2 reveal that under a linear model, BSD is the most
precise, while DD and BME have similar precision but much lower than that of BSD.
However, here we have set the bound on the second derivative for BSD to zero. While
this is correct given the model, in practice an applied researcher will always choose a
positive bound. Asymptotically, DD is efficient in the sense that the standard error
goes to zero. In finite samples, however, it is conservative, because our test procedure
makes multiple comparisons (even though Assumption 1 holds with equality).

When the model is nonlinear (columns 4-12 in panel A of Table 2), the relative
performance of DD and BME improves and they outperform BSD eventually as sample
size or the degree of nonlinearity increases. We also see that DD outperforms BME at
sufficient sample sizes and degree of nonlinearity, especially when G = 21. Given the
theoretical discussion above, this is expected as far as DD and BSD are concerned.
The lines where the sample size is indicated to be infinite contain the normalized
standard errors based on the asymptotic bounds. As we see, DD also tends to have
tighter asymptotic bounds than BME.

Figure 3 summarizes to what extent, and under what conditions, our DD estimator
outperforms the available alternatives—BSD and BME—in terms of precision. The

figure is constructed as follows. Let vPP vB5P yBME denote the normalized standard

errors for the respective estimators and specification s. First, for each s we calculate
the relative standard error as vPP —min{v25P yBME} When this number is negative,
DD outperforms the alternatives in terms of precision. In cases where the assumption
of an estimator fails (10 percent of cases for DD, 60 percent of cases for BME and
in no case for BSD), for the purpose of this figure, we let the standard error be
infinite. Second, we plot the empirical CDF of the relative standard error across the
1,320 specifications for each value of A\. The fraction of specifications for which DD
dominates the alternatives equals the intercept of each line.

Figure 3 reveals that DD offers higher precision in the vast majority of cases for
moderate to highly nonlinear CEFs: With A = 0.15 it outperforms both BME and
BSD in 68 percent of cases and when A = 0.25 it does so in 83 percent of cases. As
expected, in the linear case, A = 0, DD is outperformed by the alternatives, namely

BSD. This is because we set K = 0, which essentially reduced BSD to local linear
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regression, resulting in efficient inference. In practice, when using BSD, K would

never be set to zero.
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0.00 H
—0.2 —0.1 0.0 0.1 0.2

Relative standard error

Figure 3: Empirical CDF of relative standard error from Monte Carlo simulations

Notes: The figure shows the empirical CDF of the the standard error of DD minus the minimum
of the standard error of BSD and BME for each value of \. The distributions are based on 1,320
different specifications for each value of .

Next, we turn to coverage properties reported in Panel B of Table 2. In almost all
scenarios, both DD and BSD have conservative coverage on average. Recall, however,
that Assumption 1 is violated in a small number of cases. This is reflected in the rows
where the sample size is indicated to be infinite, which display the theoretical bounds
averaged across phase shifts. In the case of DD, this average equals the fraction of cases
where the identification assumption is satisfied. This is because when the assumption
holds, the asymptotic bounds necessarily contain the true effect 7 = 0, whereas they
inevitably exclude the true effect when the assumption is violated. In that sense, the
bound is asymptotically the most efficient bound given the assumption. This is in
contrast to the BME estimator where there are specific phase shifts when asymptotic
coverage is unity despite the assumption failing: namely, when G = 11 and j € {2, 7},
and when G = 21 and j € {5, 15}.

Panel B of Table 2 also suggests that violation of the respective identification

assumptions are more serious in the case of BME, which often under-covers. In fact,
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when we inspect coverage as a function of phase shifts (Figure A3 in the appendix),
we find that coverage of BME drops below 95 percent in many instances and even
hits zero in some cases for the largest sample size. For the DD estimator, coverage
drops below 95 percent only in a few instances for G = 11 when the CEF is nonlinear,
but stays conservative in all other cases. To be clear, the discussion here concerns
situations when the identification assumptions do not hold. When they do hold, both
DD and BME have conservative coverage.

In Tables A1l and A2 in the appendix, we add results for the BSD estimator when
K is chosen in the data-driven manner suggested by Armstrong and Kolesar (2020).
We also show results from the standard approach of using local linear regression with
robust standard errors, both with uniform and triangular kernel. Finally, we also
reproduce the results from Table 2 for ease of comparison. With data-driven K, the
BSD standard errors increase dramatically and are several times—and up to an order
of magnitude—larger compared to the other estimators. In contrast, the local linear
regression estimators have very small standard errors as expected, but the coverage
is very poor as soon as nonlinearity is introduced, even with relatively modest degree
of nonlinearity and with the use of a triangular kernel. Hence, in the setting we are
interested in with relatively few support points, but many observations at each support
point, we conclude that neither the local linear approach, nor the BSD approach with
data-driven K, is suitable.

We study power as the rate of rejection when the significance level is five percent
and the size of the treatment effect varies as described above. The results are displayed
in Figure A4 in the appendix, where we plot rejection rates for the three different
estimators as a function of the normalized treatment effect, 7/ V(e), separately for the
different sample sizes, degree of nonlinearity, and number of support points.

We first focus on DD and BSD. Here the findings largely mirror the discussion
of precision above. DD tends to be relatively more powerful compared to BSD in
nonlinear models as the sample size and degree of nonlinearity increase, as well as for
larger effect sizes.

DD and BME have similar power when the CEF is linear (A = 0). When the CEF
is nonlinear, the comparison is complicated by the more frequent violations of the
identification assumption of BME, and its greater sensitivity to such violations. BME
often appears to have greater power, but this is because it has incorrect size. The size
distortions are clearly visible where the BME rejection rates have an intercept well
above five percent, and in some cases even decrease locally in effect size—meaning
that the probability of rejecting the null in case of a zero treatment effect is greater
than the probability of rejecting it when the treatment effect is non-zero.

To sum up, our DD approach compares favorably to alternative estimators when
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the CEF is nonlinear. Although BSD is sometimes more powerful in our simulations,
this happens because we set K to its true value, which is unknown in practice. As for
BME, it has similar power to DD when identification assumptions hold, but violations
occur more often in the case of BME, and size distortions are more severe than when
the identification assumption of DD is violated. We suspect that this finding may
generalize beyond our Monte Carlo experiments, due to the tendency of the linear fit
to perform worst at the cutoff. BME may perform better with a triangular kernel, but

implementation is not obvious.!3

5 Applications

5.1 SAT scores and college enrollment

Graetz et al. (2025) use the mapping from raw to reported scores on the Swedish SAT
to estimate the effect of higher SAT scores on college enrollment and other outcomes.
Reported scores are on a 20-point scale. Test takers answer about 100 multiple choice
questions. The number of correct answers is a raw score that is mapped to the final
reported score based on cutoffs determined after the test. The cutoffs are set in such
a way that the distribution of final scores approximates a normal distribution.

There are typically only a few steps on the raw score between consecutive final-score
thresholds. A regression discontinuity design applied to this context thus features a
discrete running variable with few support points. Graetz et al. (2025) use parametric
methods for estimation and inference, and use a permutation-based approach in a
robustness check. Here we apply our nonparametric method to their setting.

Figure 4a plots the fraction enrolled in college one year after the test, along with its
95-percent confidence interval, over three support points on each side of the six upper
thresholds. There appear to be some unusual jumps at the cutoffs, at the same time
it does not seem innocuous to impose linear regression functions. Figure 4b shows the
corresponding plot for compulsory school GPA, which serves as a placebo outcome
(GPA is set before one is allowed to take the SAT).

We apply our approach separately to each of the six score thresholds (15-20), as
well as to the stacked data. Results are displayed in Table 3. For each of the six
thresholds, as well as for the stacked data, columns 1 and 2 display the minimum
and maximum ¢-statistics, respectively. Column 3 shows the test statistic, the closest
distance between zero and the interval spanned by the t-statistics, and column 4

displays the associated p-values. The remaining two columns contain upper and lower

13The only implementation of the BME estimator that we are aware of, the R package RDHonest,

only allows for a uniform kernel.
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bounds of 95-percent confidence intervals.

min{7T,} max{T,} T p-value C- ct
(1) (2) (3) (4) (5) (6)
Panel A. Enrolled

By threshold

15 1.52 2.48 1.52 0.129 -0.004  0.041
16 1.47 2.67 1.47 0.142 -0.006  0.051
17 1.15 2.15 1.15 0.249 -0.010  0.046
18 -0.58 2.12 0.00 1.000 -0.033  0.063
19 0.14 2.38 0.14 0.886 -0.027  0.075
20 1.44 2.69 1.44 0.149 -0.015  0.121
Stacked 3.50 4.50 3.50 0.000 0.007 0.034
Stacked, reweighted 3.43 4.49 3.43 0.001 0.006 0.034

Panel B. GPA

By threshold

15 0.69 2.50 0.69 0.488 -0.015  0.063
16 -0.59 -0.20 0.20 0.842 -0.039  0.027
17 -1.93 -0.88 0.88 0.377 -0.069  0.018
18 -0.68 0.82 0.00 1.000 -0.050  0.057
19 -1.11 0.53 0.00 1.000 -0.077  0.067
20 -0.21 1.39 0.00 1.000 -0.062  0.122
Stacked -0.38 0.91 0.00 1.000 -0.015  0.022
Stacked, reweighted -0.79 0.66 0.00 1.000 -0.018  0.020

Table 3: Tests and confidence intervals for the effects of SAT score on college enroll-
ment and compulsory schooling GPA

Panel A of Table 3 shows that the change at the cutoff is the largest compared to
changes away from the cutoff for all thresholds except for 18 (as min{7,} is negative).
However, the null cannot be rejected at any given cutoff and, consequently, the confi-
dence intervals all cover zero. We also report results from two stacked specifications.
In the first, each support point gets weight proportional to its sample size, whereas
in the reweighted version, the weight is enforced to be the same for all support points
within the bandwidth at a given threshold (see Section 3.8). Here we see that when
data are pooled, there is a clear positive effect of receiving a higher normalized SAT
score on college enrollment with a 95-percent confidence interval ranging from 0.6-0.7

to 3.4 percentage points. This result is consistent with the results from the parametric
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approach used by Graetz et al. (2025).14

Panel B of Table 3 instead shows the results for the placebo outcome of compulsory
GPA. Here we see that there is no evidence of a treatment effect at any threshold with
large p-values. Reassuringly, the same is true also for the stacked versions.

As an example, Figure 5a illustrates our procedure for the threshold around the
normalized score of 16. There does appear to be an unusual jump at the cutoff in
the left panel. This is confirmed by plotting the double differences in the right panel.
The estimated bounds of the treatment effect are 1.6 and 3 percentage points, and
the 95-percent confidence interval only just includes zero. Figure 5b shows a qualita-
tively similar pattern for the stacked data. However, the confidence interval is now
substantially narrower, as are the estimated bounds of the treatment effect.

Not surprisingly, SAT raw scores are strongly positively correlated with prede-
termined variables, such as the compulsory GPA (Figure 4b). This is why a local
randomization approach, for instance only using a single point on each side of the
cutoff, is invalid. In contrast, our approach is based on double differences and will
not be contaminated by a systematic relationship between raw scores and unobserved

traits, as long as Assumption 1 holds.

5.2 Minimum school-leaving age and earnings

In April 1947, the UK government changed the minimum age at which youths were
allowed to leave school from 14 to 15. Oreopoulos (2006, 2008) estimates the effect
of the reform on earnings using data from the UK General Household Surveys by em-
ploying a sharp RD design. Oreopoulos (2006, 2008) uses parametric methods and
clusters standard errors at the level of the running variable. Here we implement our
approach in that setting and compare our results to those from Kolesar and Rothe
(2018), where we contrast with the BME and BSD approaches, as well as the stan-
dard local polynomial regression approach with Eicker-Huber-White (EHW) robust
standard errors.

Table 4 shows the results, where all results except our DD estimator are replications
of figures from Table 3 in Kolesir and Rothe (2018). For EHW and BME, Kolesar
and Rothe (2018) show results for three different bandwidths (3, 6 and co), which
we replicate here. For BSD, Kolesar and Rothe (2018) determine bandwidth in a
data-driven way. For the intermediate choices of the bound K = 0.02 and K =

14Stacking of data in this application involves using individuals repeatedly, which is why Graetz
et al. (2025) clustered at the individual level when calculating standard errors for their parametric
specifications. As we no longer have access to the micro data, we are unable to estimate the cluster-
robust covariance matrix. Hence, the confidence intervals for the pooled treatment effects we present
here are likely too narrow.
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0.04 that we replicate here, the bandwidths are 3 and 2. In Table 4, we report DD
confidence intervals and p-values corresponding to bandwidths (2, 3,6, 00), and for all

other bandwidths in between in Figure 6a.

(1) (2) (3) (4)

-0.03, 0.16)  (-0.04, 0.09)  (-0.06, 0.04)
-0.07,0.20)  (-0.13,0.17)  (-0.33, 0.31)
-0.15,0.37)  (-0.11,0.28)  (-0.22, 0.30)

EHW CI, linear
BME CI, linear
BME CI, quadratic

—_~ o~ o~ o~

BSD CI, K =0.02 -0.06, 0.19)

BSD CI, K =0.04 (-0.08, 0.24)

DD CI (-0.05, 0.22) (-0.06, 0.22) (-0.13, 0.22) (-0.32, 0.38)
DD p-value 0.350 0.350 1.000 1.000
Bandwidth A 2 3 6 00

Notes: Based on data from Oreopoulos (2008). All results except those pertaining to our DD esti-
mator are replications of figures from Table 3 in Kolesar and Rothe (2018).

Table 4: Effect of the 1947 UK school-leaving age reform on log earnings

Table 4 shows that EHW confidence intervals are the narrowest at all bandwidths,
and get narrower the larger the bandwidth. BME and DD confidence intervals are
substantially wider, and tend to get wider the larger the bandwidth, as expected. DD
produces somewhat wider or substantially narrower intervals than BME, depending on
specification. The strong dependence of BME results on polynomial order indicates
uncertainty about the appropriate functional form, which in turn makes it difficult
to evaluate the identification assumption underlying BME. Finally, DD confidence
intervals are slightly narrower than BSD for the more conservative choice of bound
K = 0.04, but slightly wider for the less conservative K = 0.02.

The left panel of Figure 6a displays our DD confidence intervals for the full set
of bandwidths, again clearly showing how width is weakly increasing in bandwidth.
An important question is whether there is strong evidence that the reform affected
completed education. Wide confidence intervals for the effect of the reform on earnings
would not be surprising if there was no such evidence. Indeed, the left panel of
Figure 6b shows that we cannot rule out at the 95 percent level that the reform did
not affect years of schooling. Recall, however, that the reform took place in April
1947, meaning that some individuals who turned 14 in 1947 were still able to leave
school in that year. Such a gradual phase-in of a reform will reduce statistical power.

To address the issue of gradual phase-in, one may instead restrict the data to
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even years, meaning that the effect of the reform is evaluated by comparing changes
from 1946-1948 to changes between any other adjacent even years. Doing so results in
stronger evidence that the reform did in fact cause an increase in completed education,
as seen in the right panel of Figure 6b. There is still no strong evidence that the reform
affected log earnings (right panel of Figure 6a). See also Figures A5-A6 for a display

of raw data and double differences, both for earnings and completed education.

6 Conclusion

Regression discontinuity designs with discrete running variable are ubiquitous. Ex-
amples of such discrete running variables include raw points on a test, rank, number
of employees, or year of birth. There currently appears to be no consensus among
practitioners about how to perform inference in such settings, with available solutions
relying on assumptions that are either very strong or difficult to evaluate. In this
paper we have presented a new approach to inference for RD designs with a discrete
running variable. The approach is based on an intuitive, general, and weak identifica-
tion assumption and is easily implemented. Across a range of simulations, statistical
power compares favorably with existing approaches.

Our approach highlights that evidence of a treatment effect in a discrete RD context
requires unique behavior at the cutoff, especially with few support points. If there is a
larger jump (of the same sign) away from the cutoff, then our method yields a p-value
of unity. If researchers nevertheless argue in favor of a treatment effect, then the larger
jump away from the cutoff will need to be explained.

We expect our double-differences approach to be useful beyond the setting studied
in this paper. For instance, the approach could be applied to continuous RD settings
where observations are sparsely distributed and clustered along the running variable,
such as in a spatial RD context where populations are concentrated in cities. The ap-
proach is also applicable to event studies and difference-in-differences, where it enables

statistical inference without the need to impose a parallel trends assumption.
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Figure A4: Rejection rate by normalized treatment effect

Notes: Within each panel, rejection rates averaged across phase shifts as a function of normalized
treatment effects, 7/4/V(g), are shown for values of A (left to right) and n (top to bottom).
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Figure A5: School leaving age reform, earnings and completed education

Notes: In the left panels, log earnings and school leaving age are plotted against the year individuals
turned 14. In April 1947, the UK raised the minimum school leaving age from 14 to 15. Data
are from Oreopoulos (2008). In the right panels, double differences are plotted. Short-dashed lines
mark 95-percent confidence intervals for the treatment effect. Long-dashed lines mark bounds on the
treatment effect.
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Figure A6: School leaving age reform, earnings and completed education, even years

Notes: In the left panels, log earnings and school leaving age are plotted against the year individuals
turned 14. In April 1947, the UK raised the minimum school leaving age from 14 to 15. Data are
from Oreopoulos (2008) but using only even years. In the right panels, double differences are plotted.
Short-dashed lines mark 95-percent confidence intervals for the treatment effect. Long-dashed lines
mark bounds on the treatment effect.
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