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Devwudfw

Zh lqwurgxfh d iudphzrun wr whvw iru wkh h{rjhqhlw| ri d yduldeoh

lq d uhjuhvvlrq edvhg rq furvv0vhfwlrqdo gdwd1 E| vruwlqj gdwd zlwk

uhvshfw wr d ixqfwlrq +vruwlqj vfruh, ri nqrzq h{rjhqrxv yduldeohv

lw lv srvvleoh wr xwlol}h d edwwhu| ri wrrov ruljlqdoo| ghyhorshg wr gh0

whfwlqj prgho plvvshfl�fdwlrq lq d wlph vhulhv frqwh{w1 Wkxv/ zh duh

deoh wr sursrvh judsklfdo wrrov iru wkh lghqwl�fdwlrq ri hqgrjhqhlw|/

dv zhoo dv irupdo whvwv/ lqfoxglqj d vlpsoh0wr0xvh Fkrz whvw/ qhhglqj

d plqlpxp ri dvvxpswlrqv rq wkh dowhuqdwlyh hqgrjhqhlw| k|srwkh0

vlv1 Prghov ri hqgrjhqrxv wuhdwphqw dqg vhohfwlylw| duh xwlol}hg wr

looxvwudwh wkh phwkrgv1 Zlwk Prqwh Fduor h{shulphqwv/ lqfoxglqj

frqwlqxrxv dqg glvfuhwh uhvsrqvh fdvhv/ zh frpsduh vpdoo vdpsoh

shuirupdqfhv zlwk h{lvwlqj whvwv iru h{rjhqhlw|1

Nh|zrugv= Fkrz whvw> Hqgrjhqrxv wuhdwphqw> Surshqvlw| vfruh>

Uhfxuvlyh uhvlgxdov> Vdpsoh vhohfwlrq> Vruwlqj vfruh1

WNxuw Euçqqçv lv judwhixoo| dfnqrzohgjhg iru klv fduhixo uhdglqj dqg frpphqwv rq

d suhylrxv yhuvlrq ri wklv sdshu1 Zh dovr wkdqn Mrvhsk Whu}d iru nlqgo| vkdulqj zlwk

xv klv Jdxvv surjudp wr �w frxqw gdwd prghov1 Wkh �uvw dxwkru kdv ehhq �qdqfldoo|

vxssruwhg e| wkh Zlnvwuùp Irxqgdwlrq1
_Ghsduwphqw ri Hfrqrplfv/ Xph Xqlyhuvlw|/ <34 ;: Xphè/ Vzhghq1 H0pdlo=

{dylhuChfrq1xpx1vh1
hLIDX 0 R!fh ri Oderxu Pdunhw Srolf| Hydoxdwlrq/ :84 53 Xssvdod/ Vzhghq1 Hpdlo=

Shu1MrkdqvvrqClidx1xx1vh1

H{rjhqhlw| dqg vruwlqj vfruh 4



5 H{rjhqhlw| dqg vruwlqj vfruh



4 Lqwurgxfwlrq

Lq wklv sdshu zh lqwurgxfh d jhqhudo iudphzrun wr whvw wkh h{rjhqhlw| ri

d yduldeoh lq d furvv0vhfwlrq uhjuhvvlrq frqwh{w1 Wkh h{rjhqhlw| ri ydul0

deohv lv hvvhqwldo iru wkh lqwhusuhwdwlrq ri wkh sdudphwhuv ri lqwhuhvw/ zklfk

fdq wkhq eh fdoohg vwuxfwxudo +ru fdxvdo,1 H{rjhqhlw| dovr uhgxfhv wkh sd0

udphwhu vsdfh dqg/ dv d frqvhtxhqfh/ wkh frpsxwdwlrqdo exughq1 Wkh

vwdwlvwlfdo gh�qlwlrq ri wkh h{rjhqhlw| ri d yduldeoh edvlfdoo| hqvxuhv wkdw

h!flhqw lqihuhqfh fdq eh shuiruphg rq wkh sdudphwhuv ri lqwhuhvw zkloh

ljqrulqj wkh pdujlqdo glvwulexwlrq ri wkh h{rjhqrxv yduldeoh +vhh Hulfvvrq

dqg Lurqv/ 4<<7/ iru d vxuyh|,1 H{rjhqhlw| lv hvvhqwldoo| d prgho dvvxps0

wlrq dqg dv vxfk qhhgv wr eh dvvhvvhg1 Whvwv iru h{rjhqhlw| duh riwhq hdvlo|

frqvwuxfwhg +h1j1/ Odjudqjh Pxowlsolhu whvwv/ fi1 Hqjoh/ 4<;7,/ xqghu sdud0

phwulf prghov ri hqgrjhqhlw| ru vdpsoh vhohfwlrq14 Dq dowhuqdwlyh whvw iru

h{rjhqhlw| wkdw grhv qrw/ jhqhudoo|/ qhhg wkh glvwulexwlrq xqghu wkh dowhu0

qdwlyh k|srwkhvlv +hqgrjhqhlw|, lv wkh Gxuelq/ Zx dqg Kdxvpdq +GZK,

whvw +fi1 Kdxvpdq/ 4<:;,1 Wklv whvw qhhgv/ krzhyhu/ d frqvlvwhqw hvwlpdwru

xqghu wkh dowhuqdwlyh dqg dqrwkhu hvwlpdwru wkdw lv h!flhqw xqghu wkh qxoo

k|srwkhvlv ri h{rjhqhlw| dqg lqfrqvlvwhqw xqghu wkh dowhuqdwlyh1 Lq vpdoo

vdpsohv wkhuh lv hylghqfh ri odfn ri srzhu iru wklv whvw +fi1 Euçqqçv dqg

Hulnvvrq/ 4<<:,1 Ixuwkhupruh/ lq vrph vlwxdwlrqv lw fdq eh gl!fxow wr re0

wdlq wkh h!flhqw hvwlpdwru �frqvlghu/ h1j1/ wkh fdvh ri khwhurvnhgdvwlflw|

xqghu wkh qxoo k|srwkhvlv/� dv zhoo dv d frqvlvwhqw hvwlpdwru xqghu wkh

dowhuqdwlyh1

Lq rughu wr dyrlg/ d, d ixoo sdudphwulf vshfl�fdwlrq ri wkh dowhuqdwlyh

hqgrjhqhlw| k|srwkhvlv/ dqg e, wkh qhhg wr kdyh wzr hvwlpdwruv/ zh sur0

srvh d qhz dssurdfk edvhg rq wkh vruwlqj vfruh �prvw riwhq d ixqfwlrq ri

lqvwuxphqwv/� zkrvh ixqfwlrq lv wr surylgh dq rughulqj ri wkh gdwd zklfk

kljkoljkwv wkh plvv0vshfl�fdwlrq dulvhq iurp wkh odfn ri h{rjhqhlw| ri d

yduldeoh1 Wkh vruwlqj vfruh lv uhodwhg wr wkh surshqvlw| vfruh xvhg wr fru0

uhfw iru vhohfwlylw| eldv +Urvhqedxp dqg Uxelq/ 4<;6,15 Pruhryhu/ lw lv

frpprq wr fruuhfw iru hqgrjhqhlw| dqg vhohfwlylw| lq hfrqrphwulf prghov

e| lqwurgxflqj d frqwuro ixqfwlrq lq wkh rxwfrph htxdwlrq +h1j1 Khfn0

pdq/ 4<:;,1 Zkhq wklv lv mxvwl�hg/ wkh vdph frqwuro ixqfwlrq frqvwlwxwhv

d jrrg vruwlqj vfruh1 Rqfh wkh revhuydwlrqv duh vruwhg/ wlph vhulhv wrrov

4Iru d vxuyh| ri vdpsoh vhohfwlrq prghov/ vhh Yhood +4<<;, dqg Zlqnhopdq +4<<;,1
5Wkh lghd ri frqvwuxfwlqj whvwv e| vruwlqj furvv0vhfwlrqdo gdwd lv qrw qhz1 Iru lq0

vwdqfh wkh Jrogihog dqg Txdqgw +4<98, whvw ri krprvnhgdvwlflw| lv rqh h{dpsoh1
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iru plvv0vshfl�fdwlrq lghqwl�fdwlrq fdq eh xwlol}hg1 Wkxv/ zh sursrvh/ iru

lqvwdqfh/ d judsklfdo dqdo|vlv ri uhfxuvlyh uhvlgxdov +vwdqgdugl}hg rqh0vwhs

dkhdg suhglfwlrq huuruv, dqg d yhu| vlpsoh0wr0xvh Fkrz whvw1 Wkh dgydq0

wdjh ryhu wkh wlph vhulhv vhwwlqj lv wkdw wkh revhuydwlrqv duh lqghshqghqw/

wkhuhe| hqkdqflqj wkh frqvwuxfwlrqv ri whvwv1 D gudzedfn lv wkdw wkh ru0

ghulqj gr qrw qhhg wr eh d jrrg rqh/ lq zklfk fdvh wkh fruuhvsrqglqj whvwv

pd| kdyh orz srzhu1

Wkh vwuxfwxuh ri wkh sdshu lv wkh iroorzlqj1 Lq Vhfwlrq 5 zh gh�qh

h{rjhqhlw| xvlqj wkh frqglwlrqdo lqghshqghqfh qrwdwlrq/ dqg wkhq frqwlqxh

e| gh�qlqj wkh vruwlqj vfruh1 Vhfwlrq 6 suhvhqwv gl�huhqw wrrov zklfk/

zkhq dvvrfldwhg wr dq rughulqj ri wkh gdwd/ duh khosixo iru gldjqrvlqj

hqgrjhqhlw|/ hlwkhu e| judsklfdo dqdo|vlv ru zlwk irupdo whvwv1 Lq Vhfwlrq 7

vshfl�f prghov uhodwlqj wr vdpsoh vhohfwlrq dqg hqgrjhqrxv wuhdwphqwv duh

dqdo|}hg> vruwlqj vfruhv duh glvsod|hg dqg h{dpsohv ri dqdo|vlv duh jlyhq

zlwk vlpxodwhg gdwd1 Vhfwlrq 8 h{whqgv glvfxvvhv qrq0sdudphwulf vruwlqj

vfruhv1 D Prqwh Fduor h{shulphqw/ uhodwlqj wr wkh prghov lq Vhfwlrq 7/ lv

frqgxfwhg lq Vhfwlrq 9/ dqg Vhfwlrq : frqfoxghv1

5 H{rjhqhlw| dqg wkh vruwlqj vfruh

514 Jhqhudo vhwwlqj

Zh frqvlghu dq revhuydwlrqdo vwxg| zkhuh lqghshqghqw revhuydwlrqv duh

dydlodeoh iru d uhvsrqvh | wrjhwkhu zlwk d vhw ri h{rjhqrxv yduldeohv { dqg d

srvvleo| hqgrjhqrxv yduldeoh } +wkh h�hfw rq | ri } lv wkh lvvxh ri lqwhuhvw/

khqfh lq wkh vhtxho } lv whuphg wkh wuhdwphqw,1 D vwdwlvwlfdo prgho iru

wkhvh udqgrp yduldeohv +|>{> }, 5 
+ � 
% � 
5 @ 
 lv ghvfulehg e| wkh

frqglwlrqdo ghqvlw| s+|> }m{>w,/ w 5 � � U
|1 Lq wkh vhtxho/ ghqvlwlhv duh

ghqrwhg zlwk s dqg glvwulexwlrq ixqfwlrqv zlwk S 1 Wkh pdujlqdo ghqvlw| ri

{/ s+{>B,/ B 5 G � U_/ lv qrw qhhghg iru lqihuhqfh> ehfdxvh { lv dvvxphg

h{rjhqrxv/ l1h1 s+|> }m{>w, lv qrw d ixqfwlrq ri B dqg s+{>B, lv qrw d

ixqfwlrq ri w/ ru lq rwkhu zrugv +|> }, BB Bm{ dqg { BB w/ xvlqj wkh Gdzlg

+4<:<, qrwdwlrq16 Vlploduo| li wkh wuhdwphqw } lv h{rjhqrxv/ wkh vwxg| ri

lwv h�hfw pd| eh edvhg rq wkh uhgxfhg irup s+|m}>{>q,/ q 5 E � U
R/

zkhuh s+|> }m{>w, @ s+|m}>{>q,s+}m{>k,/ k 5 D � U
^ dqg � @ E � D/

6Wkh vljq zz uhdgv lqghshqghqw ri1 Khuh E+c 5� lv lqghshqghqw ri B jlyhq  / dqg phdqv

wkdw � E+c 5� � lv qrw d ixqfwlrq ri B1 Khqfh wklv qrwdwlrq lv ydolg hyhq zkhq B lv qrw d

udqgrp yduldeoh1
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ehfdxvh | BB km{> } dqg } BB qm{1 Krzhyhu/ lq d w|slfdo revhuydwlrqdo

vwxg| wkh h{rjhqhlw| ri wkh wuhdwphqw } qhhg wr eh dvvhvvhg1 Prvw ri wkh

h{lvwlqj whvwv iru h{rjhqhlw| lq furvv0vhfwlrqdo vlwxdwlrqv vshfli| s+}m{>k,
dqg krz wkh frqglwlrqdo glvwulexwlrq ri | jlyhq +{> }, lv d ixqfwlrq ri k1

Wkh phwkrgrorj| sursrvhg khuhlq dyrlgv vxfk d vwurqj vshfl�fdwlrq ri wkh

srvvleoh hqgrjhqhlw| ri }1

515 Vruwlqj vfruh

Wkh phwkrgrorj| ghyhorshg lq wklv sdshu duh edvhg rq dq rughulqj ri

wkh q lqghshqghqw revhuydwlrqv/ +|�>{�> }�,> l @ 4> = = = > q= Wkh rughulqj lv

gh�qhg e| vruwlqj wkh revhuydwlrqv zlwk uhvshfw wr wkh ydoxhv wdnhq e| d

ixqfwlrq v+{> }, 5 
r � U> zklfk lv vxfk wkdw | BB vm{> } xqghu Kf =�} lv

h{rjhqrxv�1 Zh fdoo v+{> }, d vruwlqj vfruh17

Xqghu Kf/ S +|m}>{>q,> lv zhoo vshfl�hg zlwk q frqvwdqw/ dqg lq sdu0

wlfxodu S +|m}>{> v+{> }, ? f>q, @ S +|m}>{>q,> iru doo f 5 
r/ ehfdxvh

| BB vm{> } e| wkh gh�qlwlrq ri v+{> },1 Rq wkh rwkhu kdqg/ zkhq wkh

wuhdwphqw } lv qrw h{rjhqrxv/ wkhq wzr w|shv ri frqvhtxhqfh pd| eh glv0

wlqjxlvkhg1 Prvw frpprqo|/ wkh qrq0dfnqrzohgjphqw ri wkh hqgrjhqhlw|

ri } lv dffrpsdqlhg e| d vwuxfwxudo plvv0vshfl�fdwlrq ri S +|m}>{>q,= Wklv
vlwxdwlrq lv looxvwudwhg zlwk d Jduhq prgho lq wkh qh{w vhfwlrq1 Wkh vhf0

rqg srvvleoh frqvhtxhqfh/ rffxuulqj/ iru lqvwdqfh/ zkhq doo wkh yduldeohv

lqyroyhg duh mrlqwo| qrupdo/ lv wkdw S +|m}>{>q, xqghu Kf ru lwv dowhuqdwlyh

gl�hu rqo| lq wkh ydoxh wdnhq e| q1 Dq looxvwudwlrq ri wklv fdvh lv jlyhq lq

wkh qh{w vhfwlrq e| frqvlghulqj wkh fodvvlf ghpdqg htxdwlrq iurp d prgho

ri pdunhw htxloleulxp1

516 H{dpsohv

Lq rughu wr looxvwudwh wkh deryh glvfxvvlrq zh suhvhqw wzr zlgho| xvhg

prghov1

Ghpdqg htxdwlrq= Frqvlghu wkh fodvvlf ghpdqg htxdwlrq iurp d

prgho ri pdunhw htxloleulxp=

t� @ �{�� . �s� . %�>

7Qrwh wkdw dq| ixqfwlrq rE c 5� ri  dqg 5 rqo| lv d srwhqwldo vruwlqj vfruh xqghu

wklv gh�qlwlrq/ vlqfh wkhq + lv wulyldoo| lqghshqghqw ri r jlyhq  dqg 5� Wkh frqglwlrq

+ zz r� c 5/ xqghu Mfc lv lqghhg qrw vx!flhqw iru wkh vruwlqj vfruh wr eh d xvhixo rqh1

Zh zloo fkdudfwhul}h odwhu rq zkdw d jrrg vruwlqj vfruh lv1
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zkhuh wkh sulfh s lv hqgrjhqrxv/ vxfk wkdw

s� @ �{2� . ��>

zlwk %� dqg �� fruuhodwhg1 Lq rxu suhylrxv qrwdwlrq wkh uhvsrqvh |� lv khuh

t�/ wkh wuhdwphqw }� lv khuh s� dqg {� @ +{��> {2�,1 Dvvxplqj H+%�m��, olqhdu
lq �� +h1j1/ elyduldwh qrupdolw|,/ zh kdyh

H+t�m{�> s�, @ �{�� . �s� . �+s� � �{2�,> +4,

zkhuh � @ 3 li dqg rqo| li %� dqg �� duh xqfruuhodwhg1 Ohw xv vhw v+{2�, @
+s� � �{2�, +olqhdu lq {2�,/ dv vruwlqj vfruh1 Wklv fkrlfh zloo eh mxvwl�hg

lq Vhfwlrq 7151 Zh kdyh H+t�m{��> s�> v+{2�, ? f, @ �{�� . h�s� . �S/ zkhuh

h� @ � . � dqg �S @ H+���{2�m{��> s�> v+{2�, ? f,1 Wkhuhiruh/ vruwlqj

wkh gdwd zlwk uhvshfw wr v+{2�, zloo ohdg wr d ydu|lqj frh!flhqw �S1 Wkh

frqvhtxhqfh lv wkdw H+t�m{��> s�> v+{2�, ? f, lv d eldvhg suhglfwru ri t� iru

v+{2�, � f1 Ilqdoo|/ qrwh wkdw {2� @ {�� zrxog ohdg wr wkh qrq0lghqwl�delolw|

ri �1

Jduhq prgho= Zh frqvlghu qrz wkh vhohfwlylw| prgho jlyhq e| Jduhq

+4<;7/ 4<;;,=

|� @ {
�

�q . }�� . }�x� . %�>

}� @ i+{W� , . ��>

zkhuh H+%�m{
W

� > }�> x�, @ 3 dqg {W� frqwdlqv doo wkh yduldeohv lq {� dqg

srvvleo| rwkhuv1 Zh kdyh iru wklv prgho

H+|�m{
W

� > }�, @ {
�

�q . }�� . }�H+x�m��,= +5,

Dvvxplqj H+x�m��, olqhdu lq �� +h1j1/ elyduldwh qrupdolw|,/ zh kdyh H+x�m��,
@ �+}��i+{

W

� ,,1 H{rjhqhlw| ri }� fruuhvsrqgv wr � @ 3/ l1h1 xqfruuhodwhg x�
dqg �� yduldeohv1 Khuh/ khwhurvnhgdvwlflw| lv suhvhqw hyhq li }� lv h{rjhqrxv=

Y +|�m{
W

� > }�, @ }2� Y +x�m��, . �2�> +6,

zkhuh �2
�
lv wkh yduldqfh ri %�= Lq wklv fdvh/ qhjohfwlqj wkh hqgrjhqhlw| ri }�

ohdgv wr d plvv0vshfl�fdwlrq ri wkh frqglwlrqdo h{shfwdwlrq/ e| dvvxplqj lw

olqhdu zkloh }�H+x�m��, lv qrq0olqhdu lq {� dqg }�=Zh zloo vhh odwhu +Vhfwlrq

715, wkdw }�+}� � i+{�,, lv wkh qdwxudo vruwlqj vfruh iru wklv prgho1
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6 Phwkrgv

Lq wklv vhfwlrq zh suhvhqw phwkrgv riwhq xvhg lq d wlph vhulhv vhwwlqj/

zkhuh d qdwxudo rughulqj lv dydlodeoh1 Wkhvh fdq eh dgdswhg wr wkh furvv0

vhfwlrq vhwwlqj e| xvlqj wkh vruwlqj vfruh wr rughu wkh gdwd1 Zh vwduw

e| gh�qlqj uhfxuvlyh uhvlgxdov dqg wkhq suhvhqw judsklfdo gldjqrvwlfv dqg

irupdo whvwv iru h{rjhqhlw|1

614 Uhfxuvlyh uhvlgxdov

Lq rughu wr lqwurgxfh uhfxuvlyh uhvlgxdov irupdoo| zh dvvxph �uvw wkdw wkh

uhvsrqvh | lv frqwlqxrxv1 Iru d vhw ri lqghshqghqw revhuydwlrqv +|�>{�> }�,>
l @ 4> = = = > q/ jhqhudwhg e| d prgho zlwk fruuhvsrqglqj ghqvlw| s+|m}>{>q,>
lw lv dvvxphg wkdw/ iru hdfk n @ t> = = = > q� 4> d frqvlvwhqw hvwlpdwh eq& ri

q/ edvhg rq +|�>{�> }�,> l @ 4> = = = > n/ lv dydlodeoh1 Uhfxuvlyh uhvlgxdov duh

wkhq rewdlqhg e| suhglfwlqj |� zlwk H+|� m}� >{�> eq�3�,> m @ t.4> = = = q= Wklv
suhglfwlrq lv dq hvwlpdwh/ edvhg rq revhuydwlrqv +|�>{�> }�,> l @ 4> = = = > m�4/
ri wkh rswlpdo +phdq vtxduhg huuru vhqvh, suhglfwru H+|� m}� >{� >q,1 Wkh

uhfxuvlyh uhvlgxdov duh wkhq vwdqgdugl}hg suhglfwlrq huuruv=

z� @
|� �H+|� m}� >{� > eq�3�,

Y du+|� �H+|�m}�>{�> eq�3�,m}� >{�,
> m @ t . 4> = = = q=

Xqghu wkh prgho dqg dvvxplqj wkh lqyroyhg prphqwv h{lvw/ wkhvh uhfxu0

vlyh uhvlgxdov duh/ dw ohdvw dv|pswrwlfdoo|/ lqghshqghqw dqg lghqwlfdoo| glv0

wulexwhg zlwk phdq }hur dqg yduldqfh rqh1 Wkhvh surshuwlhv zrxog krog

h{dfwo| zhuh q wr eh nqrzq1

H{dpsoh 614 Wkh olqhdu Jdxvvldq prgho/ |� @ {
�

�� . %� zlwk %� lq0

ghshqghqwo| dqg qrupdoo| glvwulexwhg zlwk phdq }hur dqg yduldqfh �2/

lv dq lpsruwdqw sduwlfxodu fdvh iru zklfk uhfxuvlyh uhvlgxdov zhuh ruljl0

qdoo| vwxglhg/ h1j1/ e| Eurzq hw do1 +4<:8,1 Iru wklv prgho zh kdyh/ iru

m @ t . 4> = = = q>

z� @
|� � {

�

�e��3�

�+4 . {��+[
�

�3�[�3�,3�{�,�*2
>

zkhuh [�3� @ +{�
�
> = = = >{��3�,

�1 Dvvxplqj wkdw [�

�3�[�3� duh lqyhuwleoh/

z� duh krprvnhgdvwlf/ lqghshqghqw/ dqg zlwk vwdqgdug qrupdo glvwulexwlrq

+Eurzq hw do1/ 4<:8,1 Qr dv|pswrwlf dujxphqw lv qhhghg khuh1
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Uhfxuvlyh uhvlgxdov fdq eh jhqhudol}hg e| frqvlghulqj suhglfwlyh glv0

wulexwlrqv lqvwhdg ri srlqwzlvh suhglfwlrqv= gh�qh u� @ �3�+x�,/ zlwk

x� @ S +|�m}�>{�> eq�3�,/ m @ t.4> = = = q/ zkhuh �+�, dqg S +|m}>{>q, duh wkh
glvwulexwlrq ixqfwlrqv fruuhvsrqglqj wr wkh vwdqgdug qrupdo ghqvlw|/ !+�,>
dqg s+|m}>{>q,> uhvshfwlyho|1 Vxfk jhqhudol}hg uhfxuvlyh uhvlgxdov duh suh0

glfwlrq huuruv lq wkh vhqvh wkdw S +|� m}�>{�> eq�3�, lv wkh hvwlpdwhg suhglf0

wlyh glvwulexwlrq ri | hydoxdwhg dw |� zkhq rqo| +|�>{�> }�,> l @ 4> = = = > m�4/
kdyh ehhq revhuyhg1 Zkhq s+|m}>{>q, lv zhoo vshfl�hg/ x� *v duh dv|pswrw0

lfdoo| lqghshqghqw dqg lghqwlfdoo| glvwulexwhg xqlirup rq +3> 4, +Gdzlg/
4<;7,1 Wkxv/ u�*v duh lqghshqghqw dqg zlwk vwdqgdug qrupdo glvwulexwlrq1

Wkhvh surshuwlhv krog h{dfwo| zkhq q lv nqrzq1

Zkhq wkh uhvsrqvh lv frqwlqxrxv/ lw lv dgylvdeoh wr xvh z� *v lqvwhdg ri

u� *v ehfdxvh wkh iruphu duh rqo| vhqvlwlyh wr wkh prghoolqj ri wkh frqgl0

wlrqdo phdq dqg yduldqfh1 Lq wkh vhtxho zh kdyh wkhuhiruh xvhg z�*v zkhq

ghdolqj zlwk frqwlqxrxv uhvsrqvhv1

Iru d glvfuhwh ydoxhg uhvsrqvh |/ uhfxuvlyh uhvlgxdov z�*v duh uhfxuvlyh

frxqwhusduwv ri ruglqdu| Shduvrq uhvlgxdov1 Uhfxuvlyh Shduvrq uhvlgxdov

duh kljko| qrq0qrupdo li wkh uhvsrqvh | wdnhv rqo| d yhu| olplwhg qxpehu ri

ydoxhv/ h1j1/ elqdu| yduldeoh/ zlwk dv frqvhtxhqfh wkdw pxfk odujhu vdpsohv

duh qhhghg wr rewdlq uholdeoh gldjqrvwlfv1 Jhqhudol}hg uhfxuvlyh uhvlgxdov/

u� *v/ duh vwloo dv|pswrwlfdoo| lqghshqghqw dowkrxjk qhlwkhu lghqwlfdoo| qru

xqlirupo| glvwulexwhg1 Wkhvh surshuwlhv fdq/ krzhyhu/ eh uhfryhuhg e| udq0

grpl}dwlrq dv zdv sursrvhg lq Vplwk +4<;8,= Jhqhudwh �� lqghshqghqwo|

xqlirup rq +3> 4, dqg frpsxwh hx� @ ��u�.+4���,S +|��4m}� >{� > eq�3�,> iru
m @ t . 4> = = = q1 Wkh uhvxowlqj udqgrpl}hg jhqhudol}hg uhfxuvlyh uhvlgxdov

hu� @ �3�+hx�, duh dv|pswrwlfdoo| lqghshqghqw dqg zlwk vwdqgdug qrupdo

glvwulexwlrq1

Dowkrxjk uhfxuvlyh uhvlgxdov duh riwhq dvvrfldwhg wr wlph vhulhv ds0

solfdwlrqv dqg pruh sduwlfxoduo| wr wkh ghwhfwlrq ri vwuxfwxudo fkdqjhv

+h1j1/ Eurzq hw do1/ 4<:8/ Wvd|/ 4<<;,/ wkh| kdyh dovr ehhq irxqg xvh0

ixo lq prgho ydolgdwlrq ri furvv0vhfwlrq uhjuhvvlrq prghov +vhh Nldqlidug

dqg Vzdoorz/ 4<<9/ iru d uhylhz frqfhuqlqj wkh olqhdu Jdxvvldq prgho,1

Wkhlu xvh iru qrq0olqhdu dqg2ru qrq0Jdxvvldq prghov kdv ehhq glvfxvvhg

e| Gdzlg +4<;7,/ Vplwk +4<;8,/ dqg Kduyh| +4<;<,1 Wkhlu dgydqwdjh

ryhu ruglqdu| ohdvw vtxduhv uhvlgxdov lv wkdw wkh| duh krprvnhgdvwlf dqg

lqghshqghqw +dw ohdvw dv|pswrwlfdoo|, xqghu wkh prgho dvvxpswlrqv/ idflo0

lwdwlqj wkh ghyhorsphqwv ri whvw vwdwlvwlfv1 Rq wkh rwkhu kdqg/ wkh| duh

qrw xqltxho| gh�qhg iru furvv0vhfwlrq gdwd/ ghshqglqj dv wkh| duh rq wkh
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rughulqj ri wkh gdwd vhw1

615 Judsklfdo gldjqrvwlfv dqg irupdo whvwv

Wzr irupv ri gldjqrvwlf wrrov dvvrfldwhg wr wkh uhfxuvlyh uhvlgxdov duh

dydlodeoh1 Wkh �uvw lv rewdlqhg e| judsklfdoo| glvsod|lqj uhfxuvlyh uhvlg0

xdov1 Wkhlu fxpxodwlyh vxp +FXVXP, lv prvw xvhixo1 Dw wklv vwdjh d

xvhixo idplo| ri vruwlqj vfruh pd| eh fkdudfwhul}hg1 Zh kdyh vhhq wkdw

uhfxuvlyh uhvlgxdov kdyh phdq }hur iru d zhoo0vshfl�hg prgho1 Zkhq plvv0

vshfl�fdwlrq dulvhv/ lq rxu fdvh zkhq h{rjhqhlw| ri wkh wuhdwphqw grhv

qrw krog/ wkh uhfxuvlyh uhvlgxdov zloo w|slfdoo| kdyh qrq0}hur phdq1 Lq

wklv vlwxdwlrq zh vd| wkdw v+{> }, lv d prqrwrqh vruwlqj vfruh li wkurxjk0

rxw wkh uhfxuvlrq wkh uhvlgxdov kdyh doo srvlwlyh +uhvshfwlyho| qhjdwlyh,

phdq1 D prqrwrqh vruwlqj vfruh lv qrw dozd|v wulyldo wr rewdlq/ vlqfh zh

zrxog qhhg nqrzohgjh rq s+|> }m{>w,1 Lq wkh wlph vhulhv frqwh{w/ wkh dlp

zkhq lqvshfwlqj fxpxodwlyh vxpv lv wr ghwhfw d fkdqjh ryhu wlph ri wkh

sdudphwhu ydoxhv1 Prvw riwhq wklv fkdqjh lv eholhyhg wr eh dq deuxsw vwuxf0

wxudo fkdqjh dw d jlyhq wlph srlqw1 Wkh hqgrjhqhlw| plvv0vshfl�fdwlrq lv

wudqvodwhg lqvwhdg e| vpdoo exw v|vwhpdwlf eldvhv lq suhglfwlrqv1 Wkxv/ d

prqrwrqh vruwlqj vfruh lv xvhg lq rughu iru wkhvh eldvhv wr kdyh wkh vdph

vljq1 Wklv jxdudqwhh wkh ehvw ylvxdo h�hfw zkhq sorwwlqj wkh fxpxodwlyh

vxp ri wkh uhfxuvlyh uhvlgxdov1 Wkhvh lvvxhv duh fodul�hg lq wkh h{dpsohv

jlyhq lq Vhfwlrq 71 Wkh frqvwdqf| ri wkh eldv vljq lv dovr lpsruwdqw iru

wkh irupdo whvwv suhvhqwhg ehorz wr kdyh srzhu1

Wkuhh w|shv ri whvwv duh sursrvhg doo xvlqj wkh vruwhg gdwd vhw1 Kduyh|

dqg Froolhu +4<:<, sursrvhg d vlpsoh whvw edvhg rq wkh vxp ri wkh uhfxuvlyh

uhvlgxdov wr lghqwli| vwuxfwxudo wlph fkdqjhv1 Lq rxu frqwh{w/ zulwh

z @
4

q� t

?[

�'^n�

z�

wkh dyhudjh ri wkh uhfxuvlyh uhvlgxdov1 Wkhq/ xqghu Kf/ dv|pswrwlfdoo|

+h{dfwo| xqghu wkh qrupdo prgho,/ z lv qrupdoo| glvwulexwhg zlwk phdq

}hur dqg yduldqfh 4@+q � t,1 Wkxv/ Kf pd| eh whvwhg e| whvwlqj wkh

srsxodwlrq phdq ri z� wr eh }hur1 Wkh uhvxow uhpdlqv ydolg zkhq z�*v

duh uhsodfhg e| u�*v ru hu�*v1 Uhfxuvlyh uhvlgxdov pd| eh frpsxwdwlrqdoo|

frvwo| wr rewdlq dqg2ru yhu| vhqvlwlyh wr prghoolqj dvvxpswlrqv/ pdlqo|

li wkh jhqhudol}hg yhuvlrqv duh xvhg1 Erwk sureohpv duh dyrlghg e| xvlqj

Fkrz*v +4<93, whvw1
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Wr lqwurgxfh Fkrz0w|sh whvwv ohw xv vwduw e| frqvlghulqj wkh iroorzlqj

olqhdu uhjuhvvlrq prgho

|� @ {�B . }�� . %�> l @ 4> ===> q> +7,

dqg vsolw wkh vdpsoh lqwr q� dqg q2 revhuydwlrqv edvhg rq wkh vruwlqj

vfruh1 Wkh Fkrz +4<93, whvw lv wkhq jlyhq dv

F� @
^h�
f
hf � h�h`@s

h�h@+q� s,
>

zkhuh hf lv wkh q� 4 yhfwru ri ruglqdu| ohdvw vtxduh +ROV, uhvlgxdov/ s lv

wkh qxpehu ri sdudphwhuv lq wkh htxdwlrq +7, dqg h�h @ h�
�
h�.h�

2
h2> zkhuh

h� dqg h2 duh wkh q�� 4 dqg q2� 4 yhfwruv ri ROV uhvlgxdov iurp wkh wzr

ROV hvwlpdwhv1 Li %� lv Q+3> �2, wkh F� whvw lv glvwulexwhg dv I +s> q� s,=
Dvvxph wkh pruh jhqhudo prgho

H+|�m{�> }�, @ j+{��B . }��, @ j+z�

�k,> l @ 4> ===> q= +8,

Wkh sdudphwhuv k� dqg k2 iru wkh wzr vdpsohv duh hvwlpdwhg xvlqj d

svhxgr pd{lpxp olnholkrrg +SPO, hvwlpdwru +fi1 Jrxulìurx{/ Prqwiruw

dqg Wurjqrq/ 4<;7,1 Wkh fryduldqfh pdwulfhv ri wkh SPO hvwlpdwru lv

jlyhq e|

Y� @ M3�� L�M
3�

� > m @ 4> 5> +9,

zkhuh

M� @ H

#
�

C2c�

Ck�Ck
�

�

$
> L� @ H

�
Cc�

Ck�

�
Cc�

Ck�

�
�
�
> m @ 4> 5>

c� lv wkh orj0olnholkrrg ixqfwlrq iurp d phpehu ri wkh olqhdu h{srqhqwldo

idplo| dqg h{shfwdwlrqv duh wdnhq ryhu wkh glvwulexwlrq ri | dqg wkh h{0

sodqdwru| yduldeohv18 Wkh fryduldqfh pdwulfhv fdq eh hvwlpdwhg e| lqvhuw0

lqj wkh hvwlpdwhg sdudphwhuv ek� dqg ek2 lqwr wkh fruuhvsrqglqj hpslulfdo

h{suhvvlrqv l1h1

eM� @ #
?�[
�'�

C2c�

Ck�Ck
�

�

$
k�'ek�

dqg eL� @ #
?�[
�'�

�
Cc�

Ck�

�#
Cc�

Ck�

�

$$
k�'ek�

> m @ 4> 5=

8Qrwh wkdw wkh fryduldqfh pdwul{ lq +9, lv wkh Hlfnhu0Zklwh khwhurvnhgdvwlflw| frq0

vlvwhqw fryduldqfh pdwul{ hvwlpdwru +fi1 Zklwh/ 4<;3,1 Wkh urexvw fryduldqfh pdwul{
fdq dovr eh xvhg lq d txdvl0OP whvw +fi1 Hqjoh/ 4<;7,1
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Wkh iroorzlqj Zdog whvw

F2 @ +ek� � ek2,
�+eY� . eY2,

3�+ek� � ek2,

lv dv|pswrwlfdoo| "2+s, glvwulexwhg19 Wkh dgydqwdjh zlwk wklv whvw lv wkdw

lw dv|pswrwlfdoo| |lhogv wkh fruuhfw vl}h xqghu d jhqhudo plvv0vshfl�fdwlrq

ri wkh suredelolw| glvwulexwlrq1 Wkh frqglwlrq iru xqeldvhg hvwlpdwhv riek� lv d fruuhfw vshfl�fdwlrq ri wkh frqglwlrqdo phdq +Jrxulìurx{ hw do1/

4<;7,1

Ilqdoo|/ zh frqvlghu wkh whvw ri Q|eorp +4<;<, dqg Kdqvhq +4<<7,1:

Gh�qh wkh �uvw rughu frqglwlrqv iru wkh n=wk sdudphwhu dv i&� @ Cc�@C�&

dqg ohw i� @ +i��> ===> ig�,
� wkhq

S?
�'� i� @ 3= Ohw

V&} @

}[
�'�

i&�>

dqg ixuwkhu gh�qh V} @ +V�}> ==> Vg},
� dqg i} @ +i�}> ===> ig},

� wkhq d mrlqw

vwdwlvwlf iru wkh vwdelolw| ri wkh sdudphwhuv duh

OS @
4

q

?[
}'�

V�}Y
3�V}> +:,

zkhuh Y @
S

} i}i
�

}= Wklv vwdwlvwlf kdv d qrq0vwdqgdug glvwulexwlrq dqg

dv|pswrwlf fulwlfdo ydoxhv duh wdnhq iurp Kdqvhq +4<<7,1 Vlqfh Y3� lv

wkh Hlfnhu0Zklwh khwhurvnhgdvwlf frqvlvwhqw fryduldqfh pdwul{ zh vkrxog

h{shfw wklv whvw wr shuirup zhoo xqghu khwhurvnhgdvwlflw|11

7 Wkh vruwlqj vfruh iru frpprq prghov ri hqgr0

jhqhlw|

Wkh hqgrjhqhlw| ri wkh wuhdwphqw }� pd| riwhq eh xqghuvwrrg dv dq rplw0

whg yduldeoh sureohp1 Lq vxfk fdvhv/ wkh vruwlqj vfruh vkrxog surylgh dq

9 Lq d wlph vhulhv uhjuhvvlrq prgho zlwk qrupdoo| glvwulexwhg huuruv/ vhh Rkwdql dqg

Wr|rgd +4<;8, iru d vwxg| ri vpdoo vdpsoh shuirupdqfhv1
:Wklv whvw lv iru sdudphwhu frqvwdqf| zlwk wkh dowhuqdwlyh vshfli|lqj wkh sdudphwhu

surfhvv dv d pduwlqjdoh1
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dssur{lpdwh rughulqj ri wkh rplwwhg yduldeoh lq rughu wr gldjqrvh wkh

plvv0vshfl�fdwlrq1 Zh vwduw e| glvfxvvlqj wkh rplwwhg yduldeoh lvvxh/ eh0

fdxvh lw khosv xv odwwhu wr foduli| wkh glvfxvvlrq rq sduwlfxodu prghov ri

hqgrjhqhlw|1

714 Rplwwhg yduldeoh

Dvvxph wkdw |� @ }��.x��.%� zkhuh x� lv xqrevhuyhg +iru vlpsolflw| zh gr

qrw lqfoxgh h{wud h{rjhqrxv yduldeohv/ {�> lq wkh prgho,/ dqg wkdw H+x�m}�,
lv olqhdu lq }�1 Wkhq H+|�m}�, lv dovr olqhdu lq }� dqg ohdvw vtxduhv hvwlpdwlrq

lv frqvlvwhqw iru H+|�m}�, @ }�h�> zkhuh lq jhqhudo h� 9@ �1 Ruglqdu| uhvlgxdov

+dvvrfldwhg wr ohdvw vtxduhv, duh qrw deoh wr gldjqrvh wkh plvvlqj yduldeoh

ehfdxvh wkh frqglwlrqdo h{shfwdwlrq lv zhoo vshfl�hg +olqhdu ixqfwlrq ri }�,/

xqohvv wkh gdwd fdq eh vruwhg zlwk uhvshfw wr wkh rughulqj ri x/ lq zklfk

fdvh dq lqgh{ sorw ri wkh uhvlgxdov pd| uhyhdo wkh ghshqghqfh/ ehfdxvh

H+|� � }�h�m}�> x�, 9@ 31 Vlploduo|/ wkh uhfxuvlyh uhvlgxdov fruuhvsrqglqj wr

wkh rughulqj ri wkh yduldeoh x zloo xqfryhu wkh plvvlqj yduldeoh ehfdxvh

H+|�m}�> x� ? f, 9@ H+|�m}�,1 Krzhyhu/ li x� @ }��/ � d frqvwdqw/ wkhq rugl0

qdu| dqg uhfxuvlyh uhvlgxdov gr qrw uhyhdo dq| plvv0vshfl�fdwlrq ehfdxvh

� dqg �� duh qrw glvfhuqleoh +qrq0lghqwl�deoh sdudphwhuv,1

Zkhq H+x�m}�, lv qrw olqhdu lq }�> H+|�m}�, lv qrw hlwkhu/ dqg d olqhdu

uhjuhvvlrq prgho zloo eh plvv0vshfl�hg1 Wklv vkrxog eh dssduhqw lq wkh

ruglqdu| uhvlgxdov sorwwhg djdlqvw }1 Krzhyhu/ uhfxuvlyh uhvlgxdov zlwk

uhvshfw wr d prqrwrqh vruwlqj vfruh/ zkhq rqh lv dydlodeoh/ duh pruh ds0

sursuldwh1 Lqghhg/ wkh dffxpxodwlrq ri wkh eldv lq wkh FXVXP ri wkh

uhvlgxdov lv wkhq v|vwhpdwlf lq rqh gluhfwlrq/ pdnlqj ylvxdo lghqwl�fdwlrq

ri wkh sureohp hdv|1 Pruhryhu/ wkh irupdo whvwv ghvfulehg lq Vhfwlrq 615

fdq eh xvhg1

Ri frxuvh/ wr xvh uhfxuvlyh uhvlgxdov gldjqrvwlfv zh qhhg dq rughulqj +dw

ohdvw dssur{lpdwh, ri wkh xqrevhuyhg yduldeoh x1 Wklv lv w|slfdoo| zkdw

wkh vruwlqj vfruh surylghv/ zkhq wkh frqirxqghu x lv qrw revhuyhg/ exw

vrph lqirupdwlrq rq lwv glvwulexwlrq jlyhq revhuyhg h{rjhqrxv yduldeohv lv

dydlodeoh1 Wkh iroorzlqj vxevhfwlrqv looxvwudwh wklv hvvhqwldo srlqw1

715 Frqwlqxrxv uhvsrqvh dqg wuhdwphqw

Iroorzlqj wkh deryh glvfxvvlrq/ wkh fkrlfh ri vruwlqj vfruhv lq wkh wzr

h{dpsohv lq Vhfwlrq 516 duh glvfxvvhg dqg wkh srwhqwldov ri d judsklfdo

dqdo|vlv lv looxvwudwhg1
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Jduhq prgho= Lq wklv h{dpsoh/ qrw wdnlqj lqwr dffrxqw wkh hqgr0

jhqhlw| ri }� fruuhvsrqgv wr rplwwlqj wkh yduldeoh }�+}�� i+{�,, lq +5,/ l1h1

vhwwlqj � @ 31 Wkh rplwwhg yduldeoh lv khuh qrq0olqhdu lq {� dqg }�1 Wklv

qrq0olqhdulw| ri H+|�m{�> }�, pd| riwhq eh klgghq e| wkh khwhurvnhgdvwlf

qrlvh zkhq h{dplqlqj frqyhqwlrqdo uhvlgxdov1 Rq wkh rwkhu kdqg/ uhfxuvlyh

uhvlgxdov duh deoh wr lghqwli| wkh v|vwhpdwlf eldv lq suhglfwlrqv rewdlqhg

zlwk d prqrwrqh vruwlqj vfruh dv lv looxvwudwhg zlwk wkh h{dpsoh ehorz1

Wkh qdwxudo vruwlqj vfruh lv khuh wkh rplwwhg yduldeoh v+{�, @ }�+}��i+{�,,1
Lw hqvxuhv lqghhg prqrwrqlflw| ri wkh rughulqj1; Ehfdxvh i lv xqnqrzq/ dq

dssur{lpdwh vruwlqj vfruh pxvw eh xvhg e| hvwlpdwlqj wklv ixqfwlrq/ |lhog0

lqj }�+}�� ei+{�,,1 Qrwlfh wkdw wklv iudphzrun doorzv xv wr surfhhg zlwkrxw

vshfli|lqj i exw xvlqj lqvwhdg d qrq0sdudphwulf hvwlpdwh +vhh Vhfwlrq 8,1

H{dpsoh 714 Wkh Jduhq prgho lv frqvlghuhg/ dqg zh vlpxodwh 433 re0

vhuydwlrqv zlwk wkh iroorzlqj vshfl�fdwlrqv= iru l @ 4> = = = > 433>

|� @ 4 . 5{�� . ��}� . %�>

�� @ 4 . x�>

}� @ {�� � {2� . ��>

zlwk {�� � X+3> 4,> {2� � X+3> 4,> %� � Q+3> 4, dqg x� dqg �� elyduldwh

qrupdo zlwk h{shfwdwlrqv }hur/ yduldqfhv 3=69 dqg 4 uhvshfwlyho|/ dqg fru0

uhodwlrq �3=81 Dvvxplqj h{rjhqhlw| H+|�m{��> }�, @ {���.}�� lv hvwlpdwhg

zlwk ROV1 Vhyhudo w|shv ri uhvlgxdo dqdo|vhv duh suhvhqwhg lq Iljxuhv 4

dqg 51

Iurp wkh uhvlgxdov sorwv ri Iljxuh 4 wkhuh vhhpv wr eh qr vhyhuh khw0

hurvnhgdvwlflw|1 Wkh plvv0vshfl�fdwlrq ri wkh frqglwlrqdo phdq lv qrw

vwudljkwiruzdug wr lghqwli| zlwk wkhvh uhvlgxdo sorwv/ dowkrxjk d wudlqhg

h|h pd| vhh vrph vwuxfwxuh lq wkh ROV uhvlgxdov zkhq vruwhg zlwk uhvshfw

wr wkh rplwwhg yduldeoh/ judsk +e,/ dqg lq wkh uhfxuvlyh uhvlgxdov rewdlqhg

zlwk wklv vdph vruwlqj vfruh/ judsk +g,1 Wkh FXVXP sorwv lq Iljxuh 5 duh

pruh lqwhuhvwlqj1 Zh qrwh wkdw wkh uhfxuvlyh uhvlgxdov rewdlqhg zlwk wkh

prqrwrqh vruwlqj vfruh surylghv d fohdu vljq ri wkh plvv0vshfl�fdwlrq ri

wkh frqglwlrqdo phdq ri wkh prgho +hqgrjhqrxv wuhdwphqw, e| glvsod|lqj

; Lqghhg/ wkh qrq0olqhdulw| lv hlwkhu frqfdyh +b : f, ru frqyh{ +b 	 f, lq 5� +wkh
rplwwhg yduldeoh lv lqghshqghqw ri  �,/ wkhuhe| lpso|lqj uhfxuvlyh uhvlgxdov zlwk/ uh0
vshfwlyho|/ qhjdwlyh ru srvlwlyh phdq1
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sorted w.r.t. to variable x
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sorted w.r.t. the sorting score
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(d)

Iljxuh�4= Uhvlgxdov iurp wkh Jduhq prgho ri H{dpsoh 5= +d, ROV uhvlgx0

dov vruwhg z1u1w1 wkh yduldeoh {> +e, ROV uhvlgxdov rewdlqhg zlwk wkh rughu0

lqj ri wkh rplwwhg yduldeoh +rswlpdo vruwlqj vfruh,> +f, Uhfxuvlyh uhvlgxdov

rewdlqhg zlwk d udqgrp rughulqj> +g, Uhfxuvlyh uhvlgxdov rewdlqhg zlwk

wkh rswlpdo vruwlqj vfruh1
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(b)

sorted w.r.t. the sorting score
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(c)

sorted w.r.t. the estimated
sorting score
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(d)

sorted w.r.t. to variable z
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sorted w.r.t. residuals from regress.
of z against x
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(f)

Iljxuh�5= FXVXP sorwv ri ydulrxv uhvlgxdov iurp wkh Jduhq prgho ri

H{dpsoh 5= +d, ROV uhvlgxdov vruwhg z1u1w1 wkh rplwwhg yduldeoh +rswlpdo

vruwlqj vfruh, �KF+x� � 3, @ 3=33> +e, Uhfxuvlyh uhvlgxdov rewdlqhg zlwk

d udqgrp rughulqj �KF+x� � 3, @ 3=73> +f, Uhfxuvlyh uhvlgxdov rewdlqhg
zlwk wkh rswlpdo vruwlqj vfruh �KF+x� � 3, @ �5=86> +g, glwwr exw zlwk

dq hvwlpdwh ri wkh suhylrxv vruwlqj vfruh �KF+x� � 3, @ �5=;6> +h, glwwr
exw zlwk wkh vruwlqj vfruh v+{> }, @ } �KF+x� � 3, @ �6=:8> +i, glwwr
exw zlwk wkh ROV uhvlgxdov iurp wkh uhjuhvvlrq ri } rq { dv vruwlqj vfruh

�KF+x� � 3, @ �7=:71
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d v|vwhpdwlf ghsduwxuh iurp }hur ri wkh FXVXP wudmhfwru|1 Wklv qhdw

ylvxdo h�hfw lv gxh wr wkh prqrwrqlflw| ri wkh vruwlqj vfruh1 Wkh ydoxhv

ri wkh KF whvw +iru Kf = x� � 3, jlyhq lq wkh fdswlrq ri wkh �jxuh frq�up

wkh ylvxdo lpsuhvvlrq1 Wklv vruwlqj vfruh fdqqrw eh xvhg lq sudfwlfh eh0

fdxvh lw lv qrw revhuyhg/ exw judsk +g, vkrzv wkdw wkh hvwlpdwhg vruwlqj

vfruh jlyhv d vlplodu uhvxow1 Lq wklv sduwlfxodu vlpxodwhg h{dpsoh/ vlpsohu

vruwlqj vfruhv dovr shuirup zhoo/ judsk +h, dqg +i,1

Ghpdqg htxdwlrq= Iurp +4, zh qrwh wkdw v+{2�, @ +s���{2�, sod|v
wkh uroh ri dq rplwwhg yduldeoh dqg lv wkhuhiruh wkh qdwxudo vruwlqj vfruh1

Lw lv/ pruhryhu/ hdvlo| fkhfnhg wkdw wklv vruwlqj vfruh lv prqrwrqh/ eh0

fdxvh wkh suhglfwru H+t�m{��> s�> v+{2�, ? f, lv dozd|v hlwkhu srvlwlyho| ru

qhjdwlyho| eldvhg zkhq suhglfwlqj t� iru v+{2�, � f +�S lv dq lqfuhdvlqj

ru ghfuhdvlqj ydoxh ri f,1 Wkh vruwlqj vfruh lv xqrevhuyhg/ exw d jrrg

dssur{lpdwlrq lv +s� � e�{2�,> zkhuh e� lv d frqvlvwhqw hvwlpdwh1

H{dpsoh 715 Zh xvh gdwd rq X1V1 frqvxpswlrq h{shqglwxuhv +f|, glvsrv0

deoh lqfrph +||, dqg jryhuqphqw h{shqglwxuh+j|, iru wkh |hduv 4<8804<;9

lq eloolrqv ri 4<;5 grooduv1< Zh dvvxph=

f| @ �f . ��|| . %|>

zkhuh || lv hqgrjhqrxv dqg vxfk wkdw

|| @ �f . ��j| . �|= +;,

Vlqfh wkhuh lv d vwuxfwxudo euhdn dw 4<:8 zh xvh gdwd iru wkh shulrg 4<88 0

4<:8143 Iljxuh 6 vkrzv krz wkh hqgrjhqhlw| ri || lv uhyhdohg e| xvlqj wkh

uhvlgxdov iurp ; dv vruwlqj vfruh1

<Wklv gdwd lv ghvfulehg lq Kloo/ Jul!wkv dqg Mxgjh +4<<:, dqg rewdlqhg iurp
kwws=..zzz1zloh|1frp1

43Xvlqj wkh gdwd iru wkh zkroh shulrg wkh vdph sdwwhuq dv lq Iljxuh 6 dsshduv zkhq
wkh vruwlqj vfruh lv xvhg1 Xvlqj wkh wlph rughulqj wkhuh lv d ylvleoh vwuxfwxudo euhdn
dw 4<:8 vlqfh diwhu wkdw wlph wkh FXVXP ri wkh uhfxuvlyh uhvlgxdov vwduwv wr lqfuhdvh1

Krzhyhu/ wkh Kduyh|0Froolhu whvw vwdwlvwlfv lv vljql�fdqw +M� ' S�D., rqo| zkhq wkh
vruwlqj vfruh lv xvhg/ srlqwlqj rxw wkdw wkh hqgrjhqhlw| sureohp lv pruh vhulrxv wkdq
wkh vwuxfwxudo euhdn1
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Iljxuh�6= Uhfxuvlyh uhvlgxdov zkhq uhjuhvvlqj wkh frqvxpswlrq h{shqgl0

wxuhv rq wkh glvsrvdeoh lqfrph +||,/ xvlqj wlph rughulqj +deryh sdqhov,

�KF@ �4=3<> dqg wkh rughulqj xvlqj vruwlqj vfruh= uhvlgxdov ri uhjuhvvlqj

|| rq wkh jryhuqphqw h{shqglwxuh yduldeoh +ehorz sdqhov, �KF@ 8=9:1
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716 Vdpsoh vhohfwlrq dqg elqdu| wuhdwphqw

Wkh Khfnpdq +4<:<, vdpsoh vhohfwlrq prgho lv d fodvvlfdo vshfl�fdwlrq ri

wkh vhohfwlrq sureohp lq hfrqrphwulfv=

}W� @ {W�� k. %��

}� @ L+}W� A 3, +<,

dqg

|� @ }�+{
�

�q . %2�,> +43,

zkhuh }W� lv dq xqrevhuyhg odwhqw yduldeoh dqg vdpsoh vhohfwlrq dulvhv zkhq

%�� dqg %2� duh fruuhodwhg1 Dvvxplqj mrlqw qrupdolw| ri %�� dqg %2�/ dqg

ghqrwlqj �2
�
@ 4/ �2

2
/ �/ wkhlu uhvshfwlyh yduldqfhv dqg fruuhodwlrq/ zh kdyh

H+|�m{
W

� > }� @ 4, @ {��q . ��3�
2
�� +44,

zkhuh �� @ !+{W�� k,@+4 � �+{W�� k,, fdq eh wkrxjkw ri dv d plvvlqj ydul0

deoh1 Dowkrxjk �� lv d qrq0olqhdu ixqfwlrq ri {W�� k/ lw pd| eh forvh hqrxjk

wr olqhdulw| wr pdnh wkh lghqwl�fdwlrq ri wkh plvv0vshfl�fdwlrq gl!fxow1

Khqfh lw lv fxvwrpdu| wr dvvxph wkdw/ dw ohdvw/ rqh yduldeoh lq {W� lv qrw

lqfoxghg lq {� +vhh Vhfwlrq 714 dqg wkh glvfxvvlrq lq Yhood +4<<;/ s1 468,,1

Khuh wkh plvvlqj yduldeoh lv qrw revhuyhg exw fdq eh hvwlpdwhg e|

hydoxdwlqj �� dw d frqvlvwhqw hvwlpdwru ek ri k/ |lhoglqj e��1 Wkh rughulqj
ri �� dqg ri �+{W�� k, @ Su+}� @ 4m{�,/ wkh surshqvlw| vfruh/ duh htxlydohqw1

Wkxv/ vruwlqj zlwk uhvshfw wr e�� lv htxlydohqw wr vruwlqj zlwk uhvshfw wr wkh
hvwlpdwhg surshqvlw| vfruh1 Ixuwkhu/ ehfdxvh �� hqwhuv olqhduo| lq +44,/ lw

lv d prqrwrqh vfruh1

Wkh vwdqgdug hqgrjhqrxv wuhdwphqw prgho +fi1 Khfnpdq/ 4<:;, lv

vxfk wkdw wkh fkrlfh lv ghvfulehg e| +<, dqg wkh rxwfrph htxdwlrq lv=

|� @ {��q . }�� . %2�= +45,

Li %�� dqg %2� duh elyduldwh qrupdo dqg fruuhodwhg zh kdyh wkdw H+%2�m{�> }�,
@ ��3�

2
+��}� � h��+4 � }�,, zkhuh h�� @ !+{W�� k,@�+{

W�

� k,1 Dv deryh wkh

plvvlqj yduldeoh fdq eh hvwlpdwhg e| uhsodflqj k e| d frqvlvwhqw hvwlpdwru1
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717 Glvfuhwh uhvsrqvh dqg elqdu| wuhdwphqw

Doo wkh h{dpsohv frqvlghuhg deryh kdyh lq frpprq wkdw wkh uhvsrqvh

lv frqwlqxrxv1 Wkh iudphzrun sursrvhg lq wklv sdshu lv/ krzhyhu/ dovr

dssolfdeoh wr glvfuhwh uhvsrqvhv1 Dv dq h{dpsoh frqvlghu wkh fdvh zkhuh

wkh uhvsrqvh yduldeoh | lv d frxqw/ dqg |�m{�> }�> x� lv Srlvvrq glvwulexwhg

zlwk h{shfwdwlrq dqg yduldqfh

H+|�m{�> }�> x�, @ Y +|�|m{�> }�> x�, @ h{s+{��q . }�� . x�,>

dqg wkh wuhdwphqw hqgrjhqhlw| lv prghoohg e| +<,1 Li x� dqg %� duh lqgh0

shqghqw }� lv h{rjhqrxv/ dqg zh kdyh d ryhu0glvshuvhg Srlvvrq uhjuhvvlrq

prgho1 Hvwlpdwlrq zlwk dq hqgrjhqrxv wuhdwphqw kdv ehhq glvfxvvhg/ h1j1/

e| Zlqgphlmhu dqg Vdqwrv Vloyd +4<<:, dqg Whu}d +4<<;,1

8 Qrq0sdudphwulf vruwlqj vfruh

Doo wkh h{dpsohv suhvhqwhg vr idu kdyh lq frpprq wkdw wkh| vshfli| d

sdudphwulf glvwulexwlrq iru }�m{� dv zhoo dv krz wkh hqgrjhqhlw| dulvhv1

Vxfk d ixoo vshfl�fdwlrq ri wkh hqgrjhqhlw| dowhuqdwlyh lv riwhq qhfhvvdu| wr

dsso| h{lvwlqj whvwv/ wkh GZK whvw h{fhswhg1 D qrq0sdudphwulf dssurdfk

pd| eh hqylvdjhg e| �wwlqj H+}�m{�, @ i+{�, qrq0sdudphwulfdoo|/ dqg wkhq

pdnlqj xvh ri wkh fruuhvsrqglqj uhvlgxdov/ ru wkh surshqvlw| vfruh li wkh

wuhdwphqw lv elqdu| ydoxhg/ dv d vruwlqj vfruh1

Iru wkh elqdu| wuhdwphqw fdvh wkh surshqvlw| vfruh surylghv wkh vdph

rughulqj dv wkh frqwuro ixqfwlrq ��1 Lw fdq dovr eh qrwhg +fi1 Dphlpl|d/

4<;4, wkdw wkh hvwlpdwhg sdudphwhuv lq d olqhdu suredelolw| prgho +iru }�,

lv sursruwlrqdo wr wkh sdudphwhuv hvwlpdwhg zlwk wkh surelw ru orjlw hvwl0

pdwru1 Khqfh/ gl�huhqw glvwulexwlrqdo dvvxpswlrqv iru wkh vhohfwlrq htxd0

wlrqv duh olnho| wr fuhdwh dssur{lpdwho| wkh vdph rughulqj dqg wkh vruw0

lqj vfruh edvhg rq hvwlpdwhv iurp d olqhdu +�qrq0sdudphwulf�, hvwlpdwru

zloo |lhog dssur{lpdwho| wkh vdph rughulqj dv zkhq xvlqj surelw ru orjlw

hvwlpdwruv1 Frqvhtxhqwo|/ wkh dgglwlyh prgho iru wkh surshqvlw| vfruh/

H+}�m{�, @
S

� i�+{��,/ fdq eh h{shfwhg wr shuirup zhoo/ dv zhoo dv wkh

jhqhudol}dwlrq +Kdvwlh dqg Wlevkludql/ 4<<3,= j+H+}�m{�,, @
S

� i�+{��,1
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9 Prqwh Fduor vwxg|

914 H{shulphqwv

Lq rughu wr vwxg| wkh vpdoo vdpsoh shuirupdqfhv ri wkh h{rjhqhlw| whvwv

sursrvhg lq wklv sdshu/ wkuhh w|shv ri h{shulphqwv duh frqgxfwhg1 Lq

doo wkuhh h{shulphqwv zh whvw iru dq h{rjhqrxv wuhdwphqw1 Lq wkh �uvw

h{shulphqw zh xvh wkh vhwxs ri H{dpsoh 5 zlwk d frqwlqxrxv uhvsrqvh dqg

frqwlqxrxv wuhdwphqw1 Lq wkh vhfrqg h{shulphqw zh kdyh d frqwlqxrxv

uhvsrqvh dqg d glvfuhwh wuhdwphqw dqg wkh wklug h{shulphqw lv frqfhuqhg

zlwk d glvfuhwh uhvsrqvh +frxqw, dqg d glvfuhwh wuhdwphqw1 Lq doo wuhh

h{shulphqwv zh vwxg| wkh srzhu dqg vl}h ri wkh whvwv1 Zh dovr jlyh dv

uhihuhqfh dowhuqdwlyh whvwv iru h{rjhqhlw| sursrvhg hduolhu lq wkh olwhudwxuh1

Lq doo wkuhh h{shulphqwv zh fkrrvh wkh vdpsoh vl}h q @ 533> 733 wkh qxpehu
ri uhsolfdwlrqv Q lv 4333 dqg wkh h{rjhqrxv yduldeohv duh �{hg zlwklq

uhshdwhg vdpsohv1 Lq doo vlpxodwlrqv zh kdyh wzr h{rjhqrxv yduldeohv {��
dqg {2� zklfk duh xqlirup^3/4` yduldwhv1 Zkhq fdofxodwlqj wkh uhfxuvlyh

uhvlgxdov t zdv vhw wr 43= Lq wkh Fkrz whvwv F� dqg F2 zh vsolw wkh vdpsoh

lq wkh wr wzr htxdo sduwv/ khqfh q� @ q2 @ 433 dqg 533/ uhvshfwlyho|
iru q @ 533 dqg 733144 Wkh srzhu ri wkh whvw lv fdofxodwhg xvlqj wkh

fruuhodwlrq � @ �3=:8>�3=8>�3=58> 3=58> 3=8 dqg 31:8= Wkh vl}hv duh jlyhq
iru � @ 3= Lq erwk wkh Jduhq prgho +vhohfwlrq, dqg wkh frxqw gdwd prgho

wkh prgho zh hvwlpdwh xqghu Kf lv plvv0vshfl�hg dqg zh wkhuhiruh dovr

fdofxodwh wkh vl}h ri wkh whvw xqghu wkh dvvxpswlrq ri fruuhfw pdujlqdo

glvwulexwlrq xqghu Kf1

Wkh �uvw h{shulphqw lv wkh H{dpsoh 5 lq Vhfwlrq 715 khqfh

}� @ {�� � {2� . ��> +46,

|� @ 4 . 5{�� . }� . }�x� . %�= +47,

Khuh/ %� � Q+3> 4, dqg x� dqg y� duh elyduldwh qrupdo zlwk h{shfwdwlrqv

}hur dqg yduldqfhv �2� @ 3=69 dqg �2� @ 4= Zh dovr shuirup wkh whvw zkhuh

x�> y� dqg %� duh doo "
2+4, +fhqwhuhg wr kdyh h{shfwdwlrq }hur,1 Lw lv hvvhqwldo

wr qrwh wkdw khwhurvnhgdvwlflw| lv suhvhqw hyhq zkhq � @ 31 Iru wkdw uhdvrq
zh dovr shuirup dq h{shulphqw zlwk x� � 3 iru doo l=

Wkh vhfrqg h{shulphqw lv wkh frqyhqwlrqdo hqgrjhqrxv wuhdwphqw prgho

44Wkh vpdoo vdpsoh shuirupdqfh xqghu qrupdo huuruv dqg khwhurvnhgdvwlflw| lq d wlph
vhulhv vhwwlqj lv vwxglhg lq Rkwdql dqg Wr|rgd +4<;8,1
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+Vhh Vhfwlrq 716,1 Khuh zh kdyh wkh iroorzlqj vhwxs1

}� @ L++{�� � {2� . y�, A 3,>

|� @ 4. 5{�� . }� . x�> +48,

zkhuh x� dqg y� duh elyduldwh qrupdo zlwk h{shfwdwlrqv }hur dqg yduldqfhv

�2� @ 3=69> �2� @ 4= Zh dovr shuirup wkh whvw zkhuh x� dqg y� duh hdfk "2+4,
+fhqwhuhg wr kdyh h{shfwdwlrq }hur,1

Lq wkh �qdo h{shulphqw wkh uhvsrqvh yduldeoh lv d frxqw dqg zh jhqhudwh

wkh gdwd vxfk wkdw |�m{��> }�> x� lv Srlvvrq glvwulexwhg zlwk h{shfwdwlrq dqg

yduldqfh

H+|�m{��> }�> x�, @ Y +|�m{��> }�> x�, @ h{s+oq+5,{�� . }� . x�,= +49,

Wkh vdph vhwxs dv lq wkh hqgrjhqrxv wuhdwphqw prgho deryh lv xvhg145

Lw vkrxog eh revhuyhg wkdw hyhq zkhq � @ 3/ wkh pdujlqdo glvwulexwlrq

ri wkh uhvsrqvh lv qrw Srlvvrq1 Zh wkxv shuirup dq h{shulphqw xqghu d

Srlvvrq pdujlqdo glvwulexwlrq/ l1h1 zkhq x� � 3 iru doo l= Zkhq x� lv qrw

frqvwdqw wkh pdujlqdo glvwulexwlrq kdv qr forvhg irup +fi1 Whu}d/ 4<<;,/

dowkrxjk zkhq � @ 3 zh nqrz wkh �uvw wzr xqfrqglwlrqdo h{shfwdwlrqv=

H+|�m{��> }�, @ �� @ h{s+�f.oq+5,{�.}�, dqg Y +|�m{��> }�, @ ��+4.3=69��,>
zkhuh �f @ �3=69@5> vxfk wkdw H+h{s+x�,, @ 4=46

Jduhq vxjjhvwv d wzr vwhs phwkrg +WVP, wr fruuhfw iru vhohfwlrq= �uvw

hvwlpdwh +46, zlwk ROV dqg wkhq hvwlpdwh

|� @ �f . ��{� . �}� . �+}�ey�, . %W� > +4:,

zkhuh ey� lv wkh uhvlgxdov iurp wkh �uvw vwhs ROV hvwlpdwru147 Wkxv/ d

w�whvw/ xvlqj wkh khwhurvnhgdvwlf frqvlvwhqw fryduldqfh pdwul{ +9,/ ri � @ 3
lv d whvw iru h{rjhqhlw| ri }1 Lq rxu whvwv wkh vruwlqj vfruh v+{�> }�, @ ey� dqg
v+{�> }�, @ ey�}� zhuh xvhg1

Lq wkh wzr �qdo h{shulphqwv wkh vruwlqj vfruh lv wkh suhglfwhg sure0

delolwlhv iurp d surelw pd{lpxp olnholkrrg hvwlpdwru/ l1h1 v+{�> }�, @

45Wkh fdofxodwlrq ri wkh uhfxuvlyh uhvlgxdov duh txlwh wlph frqvxplqj/ wkdw lv zk| zh
rqo| shuiruphg wkh Prqwh Fduor h{shulphqwv xqghu wkh +elyduldwh, qrupdo huuru vhwxs1

46 Li �� ; �E>c j2� dqg > ' 3j2*2 wkhq .Ei TE���� ' i TE>n j2*2� ' ��
47Vlqfh Jduhq dovr dvvxphv wkdw wkh huuru whupv lq wkh wzr htxdwlrqv duh fruuhodwhg/ kh

vxjjhvwv wkh iroorzlqj prgho wr eh hvwlpdwhg +�| ' kfnk�%�nk25�nk�E5�e���nkee��n0
W

� �
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�+e�f . e��{�� . e�2{2�,148 Lq wkh vhfrqg h{shulphqw zlwk d gxpp| wuhdw0

phqw prgho d vwdqgdug whvw ri vhohfwlrq lv d w0whvw ri � @ 3 lq

|� @ �f . ��{� . �}� . �h� . %W� >

zkhuh h� @ e��}� . eh��+4 � }�, dqg e�� dqg eh�� duh rewdlqhg iurp dq lqlwldo

surelw PO hvwlpdwru1 Vlqfh %W� lv khwhurvnhgdvwlf wkh fryduldqfh hvwlpdwru

+9, lv xvhg1 Iru wklv prgho d GZK whvw lv hdv| wr shuirup vlqfh xqghu

Kf wkh ROV hvwlpdwru lv h!flhqw zkloh xqghu wkh WVP suhvhqwhg deryh lv

frqvlvwhqw xqghu erwk k|srwkhvlv1

Whu}d +4<<;, vxjjhvwv d WVP +vlplodu wr wkh Khfnpdq fruuhfwlrq lq wkh

Jdxvvldq prgho, wr fruuhfw iru vhohfwlrq lq wkh prgho +49,= Iluvw hvwlpdwh

|� @ k+{�> }�> �> ek,.�� +4;,

zlwk qrq0olqhdu ohdvw vtxduhv +QOV,1 Khuh k+{�> }�> �>k, @ #+�>k, h{s+{�q
W,>

zkhuh qW @ +�W
f
> ��> �, dqg � @ �@��= Wkh hvwlpdwh ek lv iurp dq lqlwldo

surelw PO hvwlpdwru/ dqg

#+�> ek, @}� ��+� . {�ek�,

�+{�ek�,

�
. +4� }�,

�
4��+� . {�ek�,

4��+{�ek�,

�
=

Ohw e� @ +qW�> �,� wkhq wkh QOV hvwlpdwru ee� lv dv|pswrwlfdoo| qrupdo

zlwk h{shfwdwlrq e� dqg fryduldqfh pdwul{ G= D frqvlvwhqw hvwlpdwru lveG @
�
J�

�J�

�
3� �

J�

��J� .J�

�J2YJ
�

2J�

� �
J�

�J�

�
3�

> +4<,

zkhuh J� dqg J2 duh/ uhvshfwlyho|/ wkh q � 7 dqg q � 6 pdwulfhv zlwk

w|slfdo urz j�� @ ^Ck�@Ce�` mee� dqg j2� @ ^Ck�@Ck` mek> � @ gldj+e�2� , dqg
Y lv wkh fryduldqfh pdwul{ ri ek1 D pruh h!flhqw surfhgxuh dovr vxjjhvwhg

e| Whu}d lv wr hvwlpdwh

|� @ k+{�> }�> �>k,.��>

zlwk qrqolqhdu zhljkwhg ohdvw vtxduh/ xvlqj wkh qrwlrq wkdw Y +��m{�> }�, @
k+{�> }�> �>k,.h{s+5{�q

W,+h{si�2��5�
2j#2�#+�>�,2,>zkhuh #2 @ h{s+5�2,

#+5�>�,= Whvw iru hqgrjhqhlw| ri }� lv wkhq shuiruphg dv d w0whvw ri � @ 3
ghqrwhg w +WVP, dqg w +QOZOV, lq wkh vhtxho1

48Qrwh wkdw wkh suhglfwlrqv iurp d olqhdu suredelolw| prgho ru d orjlw +fi1 Dphlpl|d/
4<;4, zrxog jlyh dssur{lpdwho| wkh vdph rughulqj dv xvlqj d surelw hvwlpdwru1
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Wdeoh 4= Vl}h ri wkh whvw iru h{rjhqhlw| xqghu wkh prgho e| Jduhq +4<;7,

dqg hqgrjhqrxv wuhdwphqw prgho1 +qrplqdo ohyho 8 shufhqw,1

0c � dqg �c �2E�� �Efc ��

? 533 733 533 733
4 3 �� 
 f 3 �� 
 f 3 �� 
 f 3 �� 
 f

Prgho +� ' � n 2%�� n 5� n 5��� n 0� dqg 5� ' %�� 3 %2� n D�

| 31633 313<8 315;; 313<6 313<5 313:5 313:7 31396
rE �c 5�� ' e��

M� 316;3 3139< 3176< 31396 3145; 31376 31487 31378

�� 313;5 31386 3143; 31394 313:7 31377 313:5 31378
�2 313:; 3139; 313;< 31398 313:6 31396 31394 31394
uS 31677 313<; 3189< 313;8 313;9 31356 314:9 31355

rE �c 5�� ' 5�e��
M� 3136< 31383 31368 3137< 31375 3137; 3136: 31369

�� 31373 3137< 31389 31379 31376 31384 31363 3136:

�2 3139; 31385 31397 3138: 31399 31396 31383 3137;

uS 317;: 3137< 31:9: 31379 31868 31355 31;:6 31356

Prgho +� ' � n 2%�� n 5� n �� dqg 5� ' UEE%�� 3 %2� n ��� : f�

| 31398 3138: 31386 31393

(`M 31333 31333 31333 31334

M� 31378 31384 31389 3137:

�� 31375 3137; 31379 31397

�2 3137< 31386 313;4 313:9

uS 31346 31353 31363 3134<
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Iljxuh�7= Srzhu dqg vl}h ri wkh whvw iru wkh Jduhq prgho dqg xvlqj vruwlqj

vfruh v+{�> }�, @ ey�1 Khuh � @ w> � @ KF> 7 @ F�>. @ F2> � @ OS

dqg qrplqdo ohyho +8 (, lqglfdwhg e| krul}rqwdo olqh1 Ohiw sdqhov "2+4,
glvwulexwlrqv> uljkw sdqhov Q+3> 4, glvwulexwlrqv> wrs sdqhov q @ 533> dqg
erwwrp sdqhov q @ 733=
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Iljxuh�8= Srzhu dqg vl}h +� @ 3, ri wkh whvw iru wkh Jduhq prgho dqg xvlqj
vruwlqj vfruh v+{�> }�, @ }�ey�1 Khuh � @ w> � @ KF> 7 @ F�>. @ F2>

� @ OS dqg qrplqdo ohyho +8 (, lqglfdwhg e| krul}rqwdo olqh1 Ohiw sdqhov

"2+4, glvwulexwlrqv> uljkw sdqhov Q+3> 4, glvwulexwlrqv> wrs sdqhov q @ 533>
dqg erwwrp sdqhov q @ 733=
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Iljxuh�9= Srzhu dqg vl}h ri wkh whvw iru wkh hqgrjhqrxv wuhdwphqw prgho

xvlqj vruwlqj vfruh v+{�> }�, @ �+{W
�
ek,1 Khuh � @ w> � @ KF> 7 @

F�>. @ F2> � @ OS> % @ GZK dqg qrplqdo ohyho +8 (, lqglfdwhg

e| krul}rqwdo olqh1 Ohiw sdqhov "2+4, glvwulexwlrqv> uljkw sdqhov Q+3> 4,
glvwulexwlrqv> wrs sdqhov q @ 533> dqg erwwrp sdqhov q @ 733=
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Wdeoh 5= Srzhu dqg vl}h ri wkh whvw iru h{rjhqhlw| ri d wuhdwphqw yduldeoh

lq d frxqw gdwd uhjuhvvlrq prgho +qrplqdo ohyho 8 shufhqw,1

4 031:8 0318 03158 3 �� 
 f 3158 3183 31:8

? 533

| +WVP, 31468 313:5 31367 31347 31348 3133< 31343 31348

| +QOZOV, 31447 31398 31363 31348 3133: 3134< 3136; 31399

M� 31597 31499 3154: 315:5 313:5 316:: 3179; 318::

�2 31475 313<; 313<7 313:9 313:4 313;: 313;: 31463

uS 3135; 31345 31344 31339 3133: 3133< 31345 31354

? 733

| +WVP, 31739 3149< 313:8 31354 31356 31349 31365 313<8

| +QOZOV, 31757 314:9 313;4 3135< 31353 31395 144; 15:8

M� 31656 314;5 31543 3169; 31377 3188: 31:78 31;4<

�2 31568 3147: 313:; 313;: 3136< 31389 31453 314;8

uS 31387 31349 3133: 31338 31335 3133< 31349 31377

915 Uhvxowv

Iluvw zh glvfxvv wkh uhvxow iurp wkh Jduhq prgho/ wkhuhdiwhu zh glvfxvv wkh

uhvxow iurp wkh hqgrjhqrxv wuhdwphqw prgho dqg odvwo| wkh uhvxowv iurp

wkh frxqw gdwd prgho1

� Iljxuhv 6 dqg 7 glvsod| wkh srzhu dqg vl}h iru wkh prgho ri Jduhq

zlwk wkh wzr gl�huhqw vruwlqj vfruhv ey� dqg }�ey�= Wkh qxoo k|srwkhvlv

ri h{rjhqhlw| jhqhudoo| fruuhvsrqgv wr � @ 31 Krzhyhu/ vrph ri wkh
whvwv lpsohphqwhg gr qrw wdnh lqwr dffrxqw wkh khwhurvnhgdvwlflw|

lqwulqvlf wr wkh Jduhq prgho dqg duh wkhuhiruh dfwxdoo| whvwlqj x� �

3= Wkhvh duh wkh Kduyh|0Froolhu49 whvw dqg wkh F� whvw1 Iru wkhvh

wkh qrplqdo vl}h ri 8 shufhqw fdq rqo| eh h{shfwhg xqghu x� � 3
zkloh iru wkh rwkhu wkh qrplqdo vl}h lv h{shfwhg xqghu erwk � @ 3
dqg x� � 31 Wr vxssruw wkh hylghqfh iurp wkh �jxuhv wkh vl}h zkhq

� @ 3 dv zhoo dv zkhq x� � 3 lv suhvhqwhg lq Wdeoh 41

� Zlwk Jdxvvldq huuruv dqg x� � 3/ wkh h{shfwhg qrplqdo vl}h lv

rewdlqhg/4: iru doo whvw vwdwlvwlfv dqg erwk vruwlqj vfruhv h{fhsw

iru wkh OS whvw zklfk |lhog wrr vpdoo d vl}h1

49Wkh KF whvw frxog kdyh ehhq dgdswhg wr wdnh lqwr dffrxqw wkh khwhurvnhgdvwlflw|

e| xvlqj +6, lqvwhdg ri dvvxplqj d frqvwdqw yduldqfh +�� 
 f,1
4:D <8( frq�ghqfh lqwhuydo iru wkh hpslulfdo vl}hv lv dssur{lpdwlyho| ���eI1
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� Zlwk fhqwhuhg "2+4, huuruv dqg x� � 3 prvw vwdwlvwlfv jlyh wrr
odujh vl}hv1 Wkh h{fhswlrqv duh wkh KF> F2 dqg F� whvwv xqghu

erwk vruwlqj vfruhv }�ey� dqg ey�=

� Zkhq � @ 3 dqg Jdxvvldq huuruv zh kdyh khwhurvnhgdvwlflw|

dqg prvw whvwv kdyh wrr odujh vl}hv1 Wkh F20whvw kdv wkh fruuhfw

vl}h luuhvshfwlyh ri wkh vruwlqj vfruh/ zkloh wkh KF dqg F� kdyh

fruuhfw vl}h rqo| zkhq zh kdyh wkh vruwlqj vfruh v+{�> }�, @ }�ey�=

� Iru � @ 3 dqg fhqwhuhg "2+4, huuruv wkh khwhurvnhgdvwlflw| lv

pruh vhyhuh wkdq xqghu wkh Jdxvvldq huuruv dqg/ dv fdq eh

h{shfwhg/ wkh vl}h ri wkh whvwv duh jhqhudoo| wrr odujh1 Wkh KF>

F� dqg F2 zlwk v+{> }, @ }�ey� kdyh wkh fruuhfw vl}h dqg wkh F2

xvlqj v+{> }, @ ey� lv qrw idu iurp ehlqj ri wkh fruuhfw vl}h1

� Frpsdulqj hpslulfdo srzhuv/ zh fdq vhh iurp Iljxuh 6 dqg 7

wkdw wkh F2 whvw lv qrw vljql�fdqwo| zruvh wkdq wkh Zdog whvw

+w, xqghu qrupdolw| zkloh qrw ehlqj vhqvlwlyh wr wkh qrq0qrupdo

huuru whupv frqvlghuhg1

Zlwk wkh hvwlpdwhg vruwlqj vfruh }�ey�/ wkh shuirupdqfhv ri doo wkh

whvwv lpsuryh zlwk uhvshfw wr vl}h h{fhsw iru OS wkdw lv vwloo vhqvlwlyh

wr khwhurvnhgdvwlflw|1 Prvw qrwdeoh lv wkh pxfk ehwwhu vl}h ri KF

iru � @ 31 Wklv lv prvw vxuho| gxh wr d vprrwko| ydu|lqj yduldqfh

wkurxjk wkh rughulqj rewdlqhg zlwk wklv vruwlqj vfruh/ uhqglqj wkh

qdlyh KF ohvv vhqvlwlyh wr wkh khwhurvnhgdvwlflw|1

� Iljxuh 8 glvsod|v wkh uhvxow iurp wkh hqgrjhqrxv wuhdwphqw prgho1

Wkh vl}h ri wkh whvw fdq dovr eh vwxglhg lq Wdeoh 41

� Zh vhh wkdw wkh Zdog whvw +w,/ wkh KF dqg F� whvwv dozd|v

kdyh wkh fruuhfw vl}h1 Wkh OS lv frqvhuydwlyh xqghu wkh qrupdo

glvwulexwlrq exw jlyhv wrr odujh d vl}h xqghu wkh fhqwhuhg "2+4,
huuru glvwulexwlrqv1 Wkh rssrvlwh lv revhuyhg iru wkh F2 whvw1

� Orrnlqj dw Iljxuh 8 zh fdq vhh wkdw wkh GZK whvw kdv/ dv

h{shfwhg/ yhu| orz srzhu= qr srzhu dw doo zkhq q @ 533=Zkhq

wkh huuru duh qrupdoo| glvwulexwhg wkh Zdog whvw lv xqlirupo|

ehvw/ zkloh zkhq wkh huuruv iroorz wkh "2+4, glvwulexwlrq hlwkhu

wkh KF ru wkh Zdog whvw shuirup ehvw1

� Wkh uhvxowv iurp wkh frxqw gdwd uhjuhvvlrq duh glvsod|hg lq Wdeoh 51

5; H{rjhqhlw| dqg vruwlqj vfruh



� Zh fdq vhh wkdw wkh Zdog whvw +w, xvlqj wkh WVP dqg QOZOV

erwk |lhogv wrr vpdoo vl}hv/ dowkrxjk wklv lpsuryhv zkhq wkh

vdpsoh vl}h lqfuhdvhv1 Wkh KF dqg F2 whvwv kdyh fruuhfw vl}h

zkhq wkhuh lv qr ryhu0glvshuvlrq1 Zkhq wkh pdujlqdo lv plvv0

vshfl�hg4; wkh vl}h lv/ dv h{shfwhg/ pxfk wrr odujh iru KF=

Wkh F20whvw kdv d voljkwo| wrr odujh vl}h zkhq ryhu0glvshuvlrq

lv suhvhqw/ zkloh zkhq wkh pdujlqdo lv Srlvvrq glvwulexwhg wkh

vl}h lv fruuhfw iru q @ 7331 Wkh OS whvw lv dozd|v frqvhuydwlyh

dqg zlwk doprvw qr srzhu dw doo1

� Wkh srzhu ri wkh whvwv duh jhqhudoo| orz1 Wkh srzhu lv jhqhudoo|

kljkhu zkhq � ? 3 wkdq zkhq � A 31 Wkh rqh h{fhswlrq lv wkh

KF whvw zkhuh wkh srzhu lv kljkhu iru wkh rssrvlwh vlwxdwlrq/

l1h1 zkhq � A 31

Wkh whvw zlwk wkh ehvw shuirupdqfh lv/ dv h{shfwhg/ wkh Zdog whvw

xvlqj wkh QOZOV hvwlpdwru1 Wkh F2 whvw dqg Zdog whvw xvlqj wkh

WVP kdyh frpsdudeoh srzhu1

: Frqfoxvlrq

Zh kdyh lqwurgxfhg d qhz frqfhsw ri whvwlqj dq h{rjhqhlw| dvvxpswlrq

lq furvv0vhfwlrq uhjuhvvlrq e| �uvw vruwlqj gdwd dqg wkhq xvlqj wlph vhulhv

whvwv iru plvv0vshfl�fdwlrq1 Wklv frqfhsw kdv doorzhg xv wr sxw iruzdug wzr

pdlq gldjqrvwlf wrrov1 Iluvw/ zkdw zh eholhyh lv wkh �uvw frqylqflqj judsk0

lfdo glvsod| doorzlqj wr ghwhfw hqgrjhqhlw| ri d yduldeoh= wkh FXVXP ri

wkh uhfxuvlyh uhvlgxdov rewdlqhg zlwk d uhohydqw vruwlqj vfruh1 Wkh vhfrqg

pdlq frqwulexwlrq lv d Fkrz whvw +F2, zklfk lv vlpsoh wr frpsxwh zlwk

ruglqdu| hfrqrphwulfv sdfndjhv dqg zklfk kdv vkrzq qrw wr eh vhqvlwlyh

wr glvwulexwlrqdo dvvxpswlrqv lq wkh h{shulphqwv frqgxfwhg1

E| frqvlghulqj vshfl�f sdudphwulf prghov iru hqgrjhqhlw| zh kdyh

dlphg dw looxvwudwlqj wkh xvhixoqhvv ri rxu iudphzrun1 Lq sduwlfxodu/ wkh

frqgxfwhg Prqwh Fduor h{shulphqwv kdyh doorzhg xv wr vkrz wkdw wkh

sursrvhg whvwv/ lqfoxglqj wkh Fkrz0w|sh rqhv/ kdyh vlplodu shuirupdqfhv

wr whvwv pdnlqj xvh ri wkh sdudphwulf dqg glvwulexwlrqdo dvvxpswlrqv1

4;Sudfwlfdoo|/ d suholplqdu| gdwd dqdo|vlv vkrxog eh xvhg wr lghqwli| wkh ryhu0

glvshuvlrq lvvxh1 Uhfxuvlyh uhvlgxdov fdofxodwhg xqghu h1j1/ d qhjdwlyh elqrpldo uhjuhv0

vlrq prgho lqvwhdg ri Srlvvrq duh olnho| wkhq wr eh ohvv vhqvlwlyh wr wkh plvv0vshfl�fdwlrq

ri wkh pdujlqdo glvwulexwlrq1
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Pruhryhu/ ehfdxvh zh gr qrw pdnh vwurqj dvvxpswlrqv rq wkh hqgrjhqhlw|

dowhuqdwlyh k|srwkhvlv/ wkh sursrvhg whvwv/ dqg prvw reylrxvo| wkh vlpsoh0

wr0xvh Fkrz whvw/ duh urexvw wr wkh dowhuqdwlyh glvwulexwlrqdo dvvxpswlrqv

frqvlghuhg/ erwk dw wkh vwuxfwxudo htxdwlrq ohyho dqg dw wkh hqgrjhqhlw|

prghoolqj ohyho1

Zh eholhyh wkdw wkh xvh ri wkh vruwlqj vfruh lv rshq wr ixuwkhu srwhq0

wldo dssolfdwlrqv wkdq wkrvh kljkoljkwhg lq wklv duwlfoh1 Iru lqvwdqfh/ wkh

frqvwuxfwlrq ri qrq0sdudphwulf vruwlqj vfruhv dv rxwolqhg lq Vhfwlrq 8 exw

qrw ixuwkhu vwxglhg khuhlq/ vhhpv wr xv wr kdyh surplvlqj survshfwv iru

vxffhvvixo dssolfdwlrqv1

Uhihuhqfhv

Dphpl|d/ W1 +4<;4,1 �Txdolwdwlyh Uhvsrqvh Prghov= D Vxuyh|�/ Mrxu0

qdo ri hfrqrplf olwhudwxuh/ [L[/ 47;6�48691

Eurzq/ U1O1/ Gxuelq/ M1 dqg Hydqv/ M1 P1 +4<:8,1 �Whfkqltxhv iru whvw0

lqj wkh frqvwdqf| ri uhjuhvvlrq uhodwlrqvklsv ryhu wlph +zlwk glvfxv0

vlrq,�/ Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw| Vhulhv E/ 6:/ 47<04<51

Euçqqçv/ N1 dqg Hulnvvrq/ P1 +4<<:,1 �Hqgrjhqhlw| lq d Elqrpldo Prg0

ho�/ XHV 773/ Ghsduwphqw ri hfrqrplfv/ Xphè Xqlyhuvlw|1

Fkrz/ J1F1 +4<93,1 �Whvwv ri Htxdolw| Ehwzhhq Vhwv ri Frh!flhqwv lq

wzr Olqhdu Uhjuhvvlrqv�/ Hfrqrphwulfd/ 5;/ 8<409381

Gdylgvvrq/ U1 dqg M1J1 PdfNlqqrq +4<<6,1 Hvwlpdwlrq dqg Lqihuhqfh lq

Hfrqrphwulfv/ R{irug Xqlyhuvlw| suhvv R{irug1

Gdzlg/ D1S1 +4<:<,1 �Frqglwlrqdo Lqghshqghqfh lq Vwdwlvwlfdo Wkhru|�/

Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw| Vhulhv E/ 74/ 40641

Gdzlg/ D1S1 +4<;7,1 �Vwdwlvwlfdo Wkhru|= Wkh Suhtxhqwldo Dssurdfk�/

Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw| Vhulhv D/ 47:/ 5:;05<51

Hqjoh/ U1 I1+4<;7,1 �Zdog/ Olnholkrrg Udwlr dqg Odjudqjh Pxowlsolhu

Whvwv lq Hfrqrphwulfv�/ lq ]1 Julolfkhv dqg P1G1 Lqwuloljdwru +hgv1,

Kdqgerrn ri Hfrqrphwulfv Yroxph LL Hovhylhu Sxeolvkhu EY1
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Hqjoh/ U1 I1/ Khqgu|/ G1 I1 dqg M0I1 Ulfkdug +4<<7,1 �H{rjhqhlw|�/ lq

Qhlo U Hulfvvrq dqg Mrkq V1 Lurqv +hgv1, Whvwlqj H{rjhqhlw| R{0

irug xqlyhuvlw| Suhvv/ Qhz \run1 Hulfvvrq/ Q1U1 +4<<7,1 �Whvwlqj

H{rjhqhlw|= Dq lqwurgxfwlrq�/ lq Qhlo U Hulfvvrq dqg Mrkq V1 Lurqv

+hgv1, Whvwlqj H{rjhqhlw| R{irug xqlyhuvlw| Suhvv/ Qhz \run1

Hulfvvrq/ Q1U1 +4<<7,1 �Whvwlqj H{rjhqhlw|= Dq Lqwurgxfwlrq�/ lq Qhlo

U Hulfvvrq dqg Mrkq V1 Lurqv +hgv1,/ Whvwlqj H{rjhqhlw|/ R{irug

xqlyhuvlw| Suhvv/ Qhz \run1

Jduhq/ M1 +4<;7,1 �Wkh uhwxuqv wr Vfkrrolqj= D Vhohfwlylw| Eldv Dssurdfk

zlwk d Frqwlqxrxv Fkrlfh yduldeoh� Hfrqrphwulfd/ 85/ 44<<0454;1

Jduhq/ M1 +4<;;,1 �Frpshqvdwlqj Zdjh Gl�huhqwldov dqg Hqgrjhqhlw| ri

Mre Ulvnlqhvv� Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ :3/ <0491

Jrxulhurx{/ F1/ Prqwiruw/ D1 dqg D/ Wurjqrq +4<;7,1 �Svhxgr Pd{lpxp

Olnholkrrg Phwkrgv= Wkhru|�/ Hfrqrphwulfd/ 85/ 9;40:331

Kdqvhq/ E1 H1 +4<<7,1 �Whvwlqj iru sdudphwhu Lqvwdelolw| lq Olqhdu Prg0

hov� lq Qhlo U Hulfvvrq dqg Mrkq V1 Lurqv +hgv1,/ Whvwlqj H{rjhqhlw|/

R{irug xqlyhuvlw| Suhvv/ Qhz \run1

Jrogihog/ V1 dqg Txdqgw/ U1 +4<98,1 �Vrph Whvw iru Krprvfhgdvwlflw|�

Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ 93/ 86<087:1

Kdxvpdq/ M1D1 +4<:;,1 �Vshfl�fdwlrq Whvw lq Hfrqrphwulfv� Hfrqrphw0

ulfd/ 79/ 4584045:41

Kduyh|/ D1 +4<;<,1 Iruhfdvwlqj/ Vwuxfwxudo Wlph Vhulhv Prghov dqg wkh

Ndopdq Ilowhu/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh1

Kduyh|/ D1 dqg Froolhu J1 +4<::,1 �Whvwlqj iru Ixqfwlrqdo Plvvshfl�fd0

wlrq lq Uhjuhvvlrq Dqdo|vlv1� Mrxuqdo ri Hfrqrphwulfv/ 9/ 436044<1

Kdvwlh/ W1M1 dqg Wlevkludql U1M1 +4<<3,1 Jhqhudol}hg Dgglwlyh Prghov/

Fkdspdq ) Kdoo/ Orqgrq1

Khfnpdq/ M1M1 +4<:;,1 �Gxpp| Hqgrjhqrxv Yduldeohv lq d Vlpxowdqhrxv

Htxdwlrq V|vwhp/� Hfrqrphwulfd/ 79/ <640<8<1

Khfnpdq/ M1M1 +4<:<,1 �Vdpsoh Vhohfwlrq Eldv dv d Vshfl�fdwlrq Huuru/�

Hfrqrphwulfd/ 7:/ 48604941
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Kloo/ U1F1/ Jul!wkv/ Z1H1 dqg J1J1 Mxgjh +4<<:,1 Xqghujudgxdwh Hfrqr0

phwulfv/ Mrkq Zloh| ) Vrqv/ Lqf1 Qhz \run1

Nldqlidug/ I1 dqg Vzdoorz Z1K1 +4<<9,1 �D Uhylhz ri wkh Ghyhorsphqw

dqg Dssolfdwlrq ri Uhfxuvlyh Uhvlgxdov lq Olqhdu Prghov/� Mrxuqdo

ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ <4/ 6<407331

Q|eorp/ M1 +4<;<,1 �Whvwlqj iru wkh Frqvwdqf| ri Sdudphwhuv Ryhu

Wlph/� Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;7/ 5560

5631

Rkwdql/ N1 dqg W1 Wr|rgd +4<;8,1 �Vpdoo Vdpsoh Surshuwlhv ri Whvw

ri Htxdolw| ehwzhhq Vhwv ri Frh!flhqwv lq Wzr Olqhdu Uhjuhvvlrqv

xqghu Khwhurvfhgdvwlflw|�1 Lqwhuqdwlrqdo Hfrqrplf Uhylhz 59/ 6:0

771

Urvhqedxp/ S1U1 dqg Uxelq/ G1E1 +4<;6,1 �Wkh Fhqwudo Uroh ri wkh

Surshqvlw| Vfruh lq Revhuydwlrqdo Vwxglhv iru Fdxvdo H�hfw/� Elr0

phwulnd/ :3/ 740881

Vplwk/ M1T1 +4<;8,1 �Gldjqrvwlf Fkhfnv ri Qrq0vwdqgdug Wlph Vhulhv

Prghov/� Mrxuqdo ri Iruhfdvwlqj/ 7/ 5;605<41

Whu}d/ M1Y1 +4<<;,1 �Hvwlpdwlqj Frxqw Gdwd Prghov zlwk Hqgrjhqrxv

Vzlwfklqj= Vdpsoh vhohfwlrq dqg H{rjhqrxv Wuhdwphqwv H�hfwv/�

Mrxuqdo ri Hfrqrphwulfv/ ;7/ 45<04871

Wvd|/ U1V1 +4<<;,1 �Whvwlqj dqg Prgholqj Pxowlyduldwh Wkuhvkrog Prg0

hov/� Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ <6/ 44;;045351

Yhood/ I1 +4<<;,1 �Hvwlpdwlqj Prghov zlwk Vdpsoh Vhohfwlrq Eldv= D

Vxuyh|�/ Mrxuqdo ri Kxpdq Uhvrxufhv/ 6;/ 45:049<1

Zklwh/ K1 +4<;3,1 �D Khwhurvnhgdvwlflw|0Frqvlvwhqw Fryduldqfh Pdwul{

Hvwlpdwru dqg d Gluhfw Whvw iru Khwhurvnhgdvwlflw|�/ Hfrqrphwulfd/

7;/ ;4:0;6;1

Zlqnhopdq/ U1 +4<<;,1 �Frxqw Gdwd Prghov zlwk Vhohfwlylw|�1 Hfrqr0

phwulf Uhylhzv/ 4:/ 66<068<1

Zlqgphlmhu I1 dqg Vdqwrv Vloyd/ M1 +4<<:,1 �Hqgrjhqhlw| lq Frxqw Gdwd

Prghov= Dq Dssolfdwlrq wr ghpdqg iru Khdowk Fduh�1 Mrxuqdo ri

Dssolhg Hfrqrphwulfv/ 45/ 5;405<71

65 H{rjhqhlw| dqg vruwlqj vfruh


